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Foreword

This IMA Volume in Mathematics and its Applications

SYMMETRIC FUNCTIONALS ON RANDOM MATRICES
AND RANDOM MATCHINGS PROBLEMS

During the academic year 2003–2004, the Institute for Mathematics and
its Applications (IMA) held a thematic program on Probability and Statis-
tics in Complex Systems. The program focused on large complex systems in
which stochasticity plays a significant role. Such systems are very diverse,
and the IMA program emphasized systems as varied as the human genome,
the internet, and world financial markets. Although quite different, these sys-
tems have features in common, such as multitudes of interconnecting parts
and the availability of large amounts of high-dimensional noisy data. The
program emphasized the development and application of common mathemat-
ical and computational techniques to model and analyze such systems. About
1,000 mathematicians, statisticians, scientists, and engineers participated in
the IMA thematic program, including about 50 who were in residence at the
IMA during much or all of the year.

The present volume was born during the 2003–2004 thematic program at
the IMA. The two authors were visitors to the IMA during the program year,
with the first author resident for the entire ten months. This volume is a result
of the authors’ interactions at the IMA, and, especially their discussions with
the many other program participants in the program and their involvement
in the numerous tutorials, workshops, and seminars held during the year. The
book treats recent progress in random matrix permanents, random matchings
and their asymptotic behavior, an area of stochastic modeling and analysis
which has applications to a variety of complex systems and problems of high
dimensional data analysis.

Like many outcomes of IMA thematic programs, the seed for this volume
was planted at the IMA, but it took time to grow and flourish. The final fruit
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is realized well after the program ends. While all credit and responsibility for
the contents of the book reside with the authors, the IMA is delighted to have
supplied the fertile ground for this work to take place.

We take this opportunity to thank the National Science Foundation for its
support of the IMA.

Series Editors

Douglas N. Arnold, Director of the IMA

Arnd Scheel, Deputy Director of the IMA



Preface

The idea of writing this monograph came about through discussions which
we held as participants in the activities of an annual program “Probability
and Statistics in Complex Systems” of the Institute for Mathematics and Its
Applications at the University of Minnesota (IMA) which was hosted there
during the 2003/04 academic year. In the course of interactions with the Insti-
tute’s visitors and guests, we came to a realization that many of the ideas
and techniques developed recently for analyzing asymptotic behavior of ran-
dom matchings are relatively unknown and could be of interest to a broader
community of researchers interested in the theory of random matrices and
statistical methods for high dimensional inference. In our IMA discussions it
also transpired that many of the tools developed for the analysis of asymp-
totic behavior of random permanents and the likes may be also useful in more
general context of problems emerging in the area of complex stochastic sys-
tems. In such systems, often in the context of modeling, statistical hypothesis
testing or estimation of the relevant quantities, the distributional properties
of the functionals on the entries of random matrices are of concern. From
this viewpoint, the interest in the laws of various random matrix functionals
useful in statistical analysis contrasts with the interest of a classical theory of
random matrices which is primarily concerned with asymptotic distributional
laws of eigenvalues and eigenvectors.

The text’s content is drawn from the recent literature on questions related
to asymptotics for random permanents and random matchings. That material
has been augmented with a sizable amount of preliminary material in order
to make the text somewhat self-contained. With this supplementary material,
the text should be accessible to any mathematics, statistics or engineering
graduate student who has taken basic introductory courses in probability
theory and mathematical statistics.

The presentation is organized in seven chapters. Chapter 1 gives a gen-
eral introduction to the topics covered in the text while also providing the
reader with some examples of their applications to problems in stochastic
complex systems formulated in terms of random matchings. This preliminary
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chapter makes a connection between random matchings, random permanents
and U -statistics. Also a concept of a P - statistic, which connects the three
concepts is introduced there. Chapter 2 builds upon these connections and
contains a number of results for a general class of random matchings which,
like for instance the variance formula for a P -statistic, are fundamental to the
developments further in the text. Taken together the material of Chapters 1
and 2 should give the reader the necessary background to approach the topics
covered later in the text.

Chapters 3 and 4 deal with random permanents and a problem of describ-
ing asymptotic distributions for a “classical” count of perfect matchings in
random bipartite graphs. Chapter 3 details a relatively straightforward but
computationally tedious approach leading to central limit theorems and laws
of large numbers for random permanents. Chapter 4 presents a more gen-
eral treatment of the subject by means of functional limit theorems and weak
convergence of iterative stochastic integrals. The basic facts of the theory
of stochastic integration are outlined in the first sections of Chapter 4 as
necessary.

In Chapter 5 the results on asymptotics of random permanents are
extended to P -statistics, at the same time covering a large class of matchings.
The limiting laws are expressed with the help of multiple Wiener-Itô inte-
grals. The basic properties of a multiple Wiener-Itô integral are summarized
in the first part of the chapter. Several applications of the asymptotic results
to particular counting problems introduced in earlier chapters are presented
in detail.

Chapter 6 makes a connection between P -statistics and matchings on one
side and the “incomplete” U -statistics on the other. The incomplete perma-
nent design is analyzed first. An overview of the analysis of both asymptotic
and finite sample properties of P -statistics in terms of their variance effi-
ciency as compared with the corresponding “complete” statistics is presented.
In the second part minimum rectangular designs (much lighter that permanent
designs) are introduced and their efficiency is analyzed. Also their relations to
the concept of mutual orthogonal Latin squares of classical statistical design
theory is discussed there.

Chapter 7 covers some of the recent results on the asymptotic lognor-
mality of sequences of products of increasing sums of independent identi-
cally distributed random variables and their U -statistics counterparts. The
developments of the chapter lead eventually to a limit theorem for random
determinants for Wishart matrices. Here again, similarly as in some of the
earlier-discussed limit theorems for random permanents, the lognormal law
appears in the limit.

We would like to express our thanks to several individuals and institu-
tions who helped us in completing this project. We would like to acknowledge
the IMA director, Doug Arnold who constantly encouraged our efforts, as
well as our many other colleagues, especially André Kézdy, Ofer Zeitouni and
Shmuel Friedland, who looked at and commented on the various finished and
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not-so-finished portions of the text. We would also like to thank Ewa Kubicka
and Grzegorz Kubicki for their help with drawing some of the graphs presented
in the book. Whereas the idea of writing the current monograph was born at
the IMA, the opportunity to do so was also partially provided by other institu-
tions. In particular, the Statistical and Applied Mathematical Sciences Insti-
tute in Durham, NC held during 2005/6 academic year a program on “Random
Matrices and High Dimensional Inference” and kindly invited the first of the
authors to participate in its activities as a long term visitor. The project was
also supported by local grants from the Faculty of Mathematics and Informa-
tion Science of the Warsaw University of Technology, Warszawa, Poland and
from the Department of Mathematics at the University of Louisville.

Louisville, KY and Warszawa (Poland) Grzegorz A. Rempa�la
July 2007 Jacek Weso�lowski
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1

Basic Concepts

1.1 Bipartite Graphs in Complex Stochastic Systems

Ever since its introduction in the seminal article of Erdős and Rényi (1959)
a random graph has become a very popular tool in modeling complicated
stochastic structures. In particular, a bipartite random graph has become an
important special case arising naturally in many different application areas
amenable to the analysis by means of random-graph models. The use of these
models have been steadily growing over the last decade as the rapid advances
in scientific computing made them more practical in helping analyze a wide
variety of complex stochastic phenomena, in such diverse areas as the internet
traffic analysis, the biochemical (cellular) reactions systems, the models of
social interactions in human relationships, and many others. In modern terms
these complex stochastic phenomena are often referred to as the stochastic
complex systems and are typically characterized by the very large number
of nonlinearly interacting parts that prevent one from simply extrapolating
overall system behavior from its isolated components.

For instance, in studying internet traffic models concerned with sub-
networks of computers communicating only via the designated “gateway” sets,
such sets of gateways are often assumed to exchange data packets directly
only between (not within) their corresponding sub-networks. These assump-
tions give rise to graphical representations via bipartite (random) graphs, both
directed and undirected, which are used to develop computational methods
to determine the properties of such internet communication networks.

Similarly, in an analysis of a system of biochemical interactions aiming at
modeling of the complicated dynamics of living cells, a bipartite graph arises
naturally as a model of biochemical reactions where the two sets of nodes rep-
resent, respectively, the chemical molecular species involved and the chemical
interaction types among them (i.e., chemical reaction channels). A directed
edge from a species node to a reaction node indicated that species is a reac-
tant for that node, and an edge from a reactions node to a species one, indi-
cates that the species is a product of the reaction. The so called reaction
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stoichiometric constants may be used as weights associated with each edge,
so the chemical reaction graph is typically a directed, weighted graph. The
graph is also random if we assume, as is often done in Bayesian models analy-
sis, some level of uncertainty about the values of the stoichiometric constants.
Such graphs are closely related to the Petri net models studied in computer
science in connection with a range of modeling problems (see, e.g., Peterson,
1981).

In the area of sociology known as social networks analysis, the so called
affiliation network is a simplest example of a bipartite graph where one set
of nodes represents all of the individuals in the network and another one all
available affiliations. The set of undirected edges between the individual nodes
and the affiliation nodes represents then membership structure where two
individuals are associated with each other if they have a common affiliation
node. Examples that have been studied in this context include for instance
networks of individuals joined together by common participation in social
events and CEOs of companies joined by common membership of social clubs.
The collaboration networks of scientists and movie actors and e.g., the network
of boards of directors are also examples of affiliation networks.

An important way of analyzing the structure of connectivity of the bipar-
tite graphs for all of the examples discussed above is consideration of the
various functions on the set of connections or matchings in a bipartite graph.

1.2 Perfect Matchings

We formally define an (undirected) bipartite graph as follows.

Definition 1.2.1 (Bipartite graph). The bipartite graph is defined as a
triple G = (V1, V2; E) where V1, |V1| = m, and V2, |V2| = n, are two disjoint
sets of vertices with m ≤ n and E = {(ik, jk) : ik ∈ V1, jk ∈ V2; k = 1 . . . d} is
a set of edges. If additionally we associate with E a matrix of weights x = [xi,j ]
then we refer to (G,x) as a weighted bipartite graph.

In particular, when E = V1 × V2 we have a complete bipartite graph
typically denoted by K(m, n). An example of such graph with m = 6, n = 7
is presented in Figure 1.1 below.

In order to analyze the structure of the bipartite graphs one often considers
various subsets of its set of edges, often referred to as the matchings problem.
For instance, in an edge-weighted bipartite graph a maximum weighted match-
ing is defined as a bijective subset of E where the sum of the values of the edges
has a maximum value. If a graph is not complete (with weights assumed to be
positive) the missing edges are added with zero weight and thus the problem
for an incomplete graph reduces to the corresponding problem for a complete
graph. Finding a maximum weighted matching in a complete graph is known
as the assignment problem and may be solved efficiently within time bounded
by a polynomial expression in the number of graph nodes, for instance by
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v1 v2 v3 v4 v5 v6

v7 v8 v9 v10 v11 v12 v13

Fig. 1.1. The complete graph K(6, 7).

means of the celebrated Hungarian algorithm (Kuhn, 1955; Munkres, 1957).
Whereas finding a matching in the optimal assignment problem turns out
to be relatively straightforward, some of the more general problems involv-
ing finding certain “good” assignments are quite challenging since for very
large graphs many of the functions of matchings are very difficult to com-
pute. Indeed, it turns out that often the corresponding counting problems
are #P-complete, i.e., without known polynomial-time algorithms for their
solutions. For instance, a famous result of Valiant (1979) - see also the next
section - indicates that counting a number of perfect matchings in a bipartite
graph is #P-complete. As this notion of a perfect matching shall be crucial
to our subsequent discussions, let us define it formally.

Definition 1.2.2 (Perfect matching). Let G = (V1, V2; E) be a bipartite
graph. Any subgraph (V1, Ṽ2, Ẽ) of G which represents a bijection between V1

and Ṽ2 ⊂ V2 is called a perfect matching. Alternatively, a perfect matching can
be identified with an m-tuple (j1, . . . , jm) of elements of V2 in the following
sense: (j1, . . . , jm) is a perfect matching if and only if (i, ji) ∈ E for i =
1, . . . , m.

Since the number of perfect matchings is not easy to compute for large
graphs, deriving its good approximation is important in many practical special
situations. Whenever the graphs (and thus the matchings) of interest are ran-
dom, one possibility for approximation of such (random) count is by deriving
its appropriate limiting distribution and this is indeed one of the main moti-
vations for many of the developments presented in the following chapters of
this monograph. In particular, we explore there limiting properties of a wide
class of functions of the matchings, namely the class of so called generalized
permanent functions. Before formally defining this class we shall first provide
some additional background and give examples.

Let x denote the matrix [xi,j ] as in Definition 1.2.1. Let h : Rm → R
be a symmetric function (i.e. a function which is invariant under permuta-
tions of arguments). Now with any perfect matching considered as an m-tuple
(j1, . . . , jm) of elements of V2 we associate the variables xi,jl

, l = 1, . . . , m,
and consequently the value h(x1,j1 , . . . , xm,jm).
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Example 1.2.1 (Binary bipartite graph). For a bipartite graph G = (V1, V2; E)
let x be a matrix of binary variables such that xi,j = 1 if (i, j) ∈ E, otherwise
xi,j = 0 and consider a weighted (undirected) bipartite graph (G,x). The
matrix x is often referred to as the (reduced) adjacency matrix of G. Then
taking h(x1, . . . , xm) = x1 . . . xm gives

h(x1,j1 , . . . , xm,jm) =

{
1 when x1,j1 = . . . = xm,jm = 1

0 otherwise.

Thus the function h is simply an indicator of whether a given m-tuple
(j1, . . . , jm) is a perfect matching in G.

1.3 Permanent Function

In his famous memoir Cauchy (1812) developed a theory of determinants as
special members of a class of alternating-symmetric functions which he distin-
guished from the ordinary symmetric functions by calling the latter ‘perma-
nently symmetric’ (fonctions symétriques permanentes). He also introduced
a certain subclass of the symmetric functions which are nowadays known as
‘permanents’.

Definition 1.3.1 (Permanent function of a matrix). Let A = [ai,j ] be a
real m × n matrix with m ≤ n. The permanent function of the matrix A is
defined by the following formula

Per A =
∑

(i1,...,im):{i1,...,im}⊂{1,...,n}

m∏

s=1

as,is ,

where the summation is taken over all possible ordered selections of m different
indices out of the set {1 . . . , n}.

The permanent function has a long history, having been first introduced by
Cauchy in 1812 and, almost simultaneously, by Binet (1812). More recently
several problems in statistical mechanics, quantum field theory, chemistry as
well as enumerative combinatorics and linear algebra have been reduced to
the computation of a permanent. Unfortunately, the fastest known algorithm
for computing a permanent of an n × n matrix requires, as shown by Ryser
(1963), the exponential in n amount of computational time in the worst-case
scenario. Moreover, strong evidence for the apparent complexity of the prob-
lem was provided by Valiant (1979) who showed that evaluating a permanent
is #P -complete, even when restricted to 0 − 1 matrices of Example 1.2.1.

In this work we are mostly concerned with a random permanent function,
meaning that the matrix A in the above definition is random. Such objects
often appear naturally in statistical physics or statistical mechanics problems,
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when the investigated physical phenomenon is driven by some random pro-
cess, and thus is stochastic in nature. First we consider the following example
relating permanents to matchings in binary bipartite graphs.

Example 1.3.1 (Counting perfect matchings in a bipartite random graph). Let
V1 and V2 be two sets (of vertices), |V1| = m ≤ |V2| = n. Let X be a matrix
of independent Bernoulli random variables. Define E = {(i, j) ∈ V1 × V2 :
X (i, j) = 1}. Then G = (V1, V2; E) is a bipartite random graph and (G, X ) is
the corresponding weighted random graph. Denote the (random) number of
perfect matchings in (G, X ) by H(G, X ). Observe that (cf. also Example 1.2.1)

H(G, X ) = Per X .

Our second example is an interesting special case of the first one.

Example 1.3.2 (Network load containment). Consider a communication net-
work modeled by a graph G(V1, V2; E) where the each partite set represents
one of two types of servers. The network is operating if there exists a perfect
matching between the two sets of servers. Consider a random graph (G, X )
with the matrix of weights X having all independent and identically dis-
tributed entries with the distribution F which corresponds to the assumption
that the connections in the network occur independently with distribution
F . Hence we interpret the value Xi,j as a random load on the connection
between server i in set V1 and server j in set V2. For a given real value a and
a given matching consider a containment function defined as one, if the maxi-
mal value of a load in a given matching is less or equals a, and zero otherwise.
Let Ma(G, X ) be a total count of such ‘contained’ matchings in the network.
If we define Yi,j = I(Xi,j ≤ a), where I(·) stands for an indicator function,
then

Ma(G, X ) = Per Y.

Some basic properties of a permanent function are similar to those of a
determinant. For instance, a permanent enjoys a version of the Laplace expan-
sion formula. In order to state the result we need some additional notation.

For any positive integers k ≤ l define Sl,k = {i = {i1, . . . , ik} : 1 ≤ i1 < . . .
< ik ≤ l} as a collection of all subsets consisting of k elements of a set of
l elements. Denote by

A(i|j) i ∈ Sm,r, j ∈ Sn,s

the (r×s) matrix obtained from A by taking the elements of A at the intersec-
tions of i = {i1, . . . , ir} rows and j = {j1, . . . , js} columns. Similarly, denote by

A[i|j] i ∈ Sm,r, j ∈ Sn,s

the (m − r) × (n − s) matrix A with removed rows and columns indexed by
i and j, respectively. The Laplace expansion formula follows now directly from
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the definition of a permanent (cf., e.g., Minc 1978, chapter 2) and has the
following form

Per A =
∑

j∈Sn,s

Per A(i|j)Per A[i|j]

for any i ∈ Sm,r where r < m ≤ n. In the “boundary” case r = m we have

Per A =
∑

j∈Sn,m

Per A(1, . . . , m|j). (1.1)

The above formula connects a permanent function with a class of symmetric
functions known as U -statistics.

1.4 U -statistics

In his seminal paper Hoeffding (1948) extended the notion of an average of
l independent and identically distributed (iid) random variables by averaging
a symmetric measurable function (kernel) of k ≥ 1 arguments over

(
l
k

)
possible

subsets of k variables chosen out of a set of l ≥ k variables. Since then these
generalized averages or “U -statistics” have become one of the most intensely
studied objects in non-parametric statistics due to its role in the statistical
estimation theory.

Let I be a metric space and denote by B(I) the corresponding Borel σ-field
(i.e., σ-field generated by open sets in I). Let h : Ik → R be a measurable
and symmetric (i.e., invariant under any permutation of its arguments) kernel

function. Denote the space of all k dimensional kernels h by L
(k)
s . For 1 ≤ k ≤ l

define symmetrization operator πl
k : L

(k)
s → L

(l)
s by

πl
k [h] (y1, . . . , yl) =

∑

1≤s1<...<sk≤l

h(ys1 , . . . , ysk
) (1.2)

for any (y1, . . . , yl) ∈ Il.

Definition 1.4.1 (U -statistic). For any symmetric kernel function h :

Ik →R a corresponding U -statistic U
(k)
l (h) is given by

U
(k)
l (h) =

(
l

k

)−1

πl
k [h].

In the sequel, whenever it is not ambiguous, we shall write U
(k)
l for U

(k)
l (h).

In mathematical statistics the arguments of the kernel h (and consequently

of U
(k)
l ) are random variables Y1, . . . , Yl. Usually it is assumed that they are

exchangeable (for instance, equidistributed and independent, see the next sec-
tion) random elements taking values in a metric space I.
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The importance of U -statistics in estimation theory stems from the follow-
ing fact pointed out by Halmos in his fundamental paper on non-parametric
estimation (Halmos, 1946): If θ is a statistical functional defined on a set of
probability measures P on (I,B(I)) then it admits and unbiased estimator if

and only if there exists a kernel h ∈ L
(k)
s such that

θ(P ) =

∫
· · ·
∫

h(y1, . . . , yk) dP (y1) · · · dP (yk) = Eh(Y1, . . . , Yk), (1.3)

where Y1, . . . , Yk are I-valued, independent identically distributed random
variables with the common distribution P ∈ P . The statistical functionals θ
satisfying (1.3) are often called estimable. For a given estimable functional θ,
the smallest k for which there exists h such that (1.3) holds, is known as its
degree of estimability.

Suppose now that the family of real-valued distributions P is large enough
to ensure that order statistics Y1:k ≤ . . . ≤ Yk:k are complete, that is, if f
is a symmetric Borel function such that Ef(Y1, . . . , Yk) = 0 for all P ∈ P
then f = 0 (P⊗k-a.s. for all P ∈ P). Then it is easily seen that for a given

sample size l ≥ k the statistic U
(k)
l (h) is a unique (P⊗l-a.s. for all P ∈ P)

unbiased estimator of the statistical functional θ given by (1.3) and thus
also the uniformly minimum variance unbiased (UMVU) estimator of θ. The
condition that ensures that P is large enough is for instance a requirement that
it contains all absolutely continuous distribution functions – an assumption
often reasonable in non-parametric statistics. Some examples of U -statistics
are given below.

Example 1.4.1 (Examples of U -statistics).

1. Moments. If P is the set of all distributions on the real line with finite
mean, then the mean, µ = µ(P ) =

∫
xdP (x) is an estimable parameter

because f(Y1) = Y1 is an unbiased estimate of µ. The corresponding

U -statistic is the sample mean, U
(1)
l = Ȳ = (1/l)

∑l
i=1 Yi. Similarly, if

P is the set of all distributions on the real line with finite k-th moment,
then the k-th moment, µk =

∫
xkdP (x) is an estimable parameter with

U -statistic, U
(1)
l = (1/l)

∑l
i=1 Y k

i .
2. Powers of the mean. For the family P as above note that for any positive

integer k the functional µk = µk(P ) is also estimable since f(Y1, . . . , Yk) =
Y1 · · ·Yk is its unbiased estimator. Thus the corresponding U -statistic is
defined by

U
(k)
l =

(
l

k

)−1

Sl(k)

where

Sl(k)(y1, . . . , yl) = πl
k[f ](y1, . . . , yl) =

∑

1≤s1<...<sk≤l

ys1 · · · ysk
(1.4)

is known as an elementary symmetric polynomial of degree k.
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3. Variance. Let P be the set of all distributions on the real line with finite
second moment. The variance V ar (P ) =

∫
x2dP (x) −

(∫
xdP (x)

)2
is

estimable since its unbiased estimator is for instance f(Y1, Y2) = Y 2
1 −

Y1Y2. This estimator is not symmetric however, so we symmetrize it by
taking g(Y1, Y2) = (f(Y1, Y2)+f(Y2, Y1))/2 which is clearly also unbiased.
As a result we obtain the U -statistic based on a two-dimensional kernel

s2
l =

(
l

2

)−1 ∑

1≤s1<s2≤l

1

2
(Ys1 − Ys2)

2 =
1

l − 1

l∑

i=1

(Yi − Ȳ )2

which is the sample variance.

1.5 The H-decomposition

One of the most important tools in investigating U -statistics is the so called
H-decomposition named after its discoverer W. Hoeffding (Hoeffding 1961).
We give a quick overview of H-decomposition below.

For any measure (or signed measure) Q on a measurable space (I,B(I))
and a Borel measurable h : E → R we denote

Q[h] =

∫

I
h(y)Q(dy). (1.5)

If Qi, 1 ≤ i ≤ k, are probability measures (signed measures) on (I,B(I)).

Then by
⊗k

i=1 Qi we denote a probability measure (signed measure) on
(Ik,B(Ik)) which is a product of measures Qi, 1 ≤ i ≤ k.

In what follows we take I = R. Let δx be a Dirac probability measure at
x ∈ R. Let Yi, i = 1, . . . , k, be independent and identically distributed real
random variables with the law P . Technically the H-decomposition is based
on the binomial-like expansion of the right-hand side of the identity

h(y1, . . . , yk) =

k⊗

i=1

δyi [h] =

k⊗

i=1

(δyi − P + P ) [h].

More precisely, we will use the following formula valid for any real vectors
(a1, . . . , am) and (b1, . . . , bm)

m∏

i=1

(ai + bi) =
m∏

i=1

bi +
m∑

r=1

∑

1≤j1<...<jr≤m

r∏

i=1

aji

m∏

i=r+1

bji (1.6)

where {j1, . . . , jr, jr+1, . . . , jm} = {1, . . . , m}.
Denote

hk(y1, . . . , yk) = h(y1, . . . , yk) =
k⊗

i=1

δyi [h] (1.7)
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and for c = 1, . . . , k − 1

hc(y1, . . . , yc) =

((
c⊗

i=1

δyi

)
⊗ P⊗k−c

)
[h]. (1.8)

Note that hc is the conditional expectation of h with respect to Y1, . . . , Yc,
i.e.

hc(Y1, . . . , Yc) = E(h|Y1, . . . , Yc)

and thus Ehc = Eh for any c = 1, . . . , k.
Setting in (1.6) ai = δyi − P and bi = P and using the fact that kernel h

is symmetric we obtain from the representation (1.7) and (1.8) with the help
of (1.6) that for c = 1, . . . , k

hc(y1, . . . , yc) − Eh =

c∑

i=1

∑

1≤j1<...<ji≤c

(
i⊗

t=1

(δyjt
− P )

)
[hi]. (1.9)

For i = 1, . . . , k, define the canonical functions associated with the k-dimen-
sional kernel h by

gi(y1, . . . , yi) =

⎛
⎝

i⊗

j=1

(δyj − P )

⎞
⎠ [hi]

=

∫
. . .

∫
hi(z1, . . . , zi)

i∏

j=1

d(δyj (zj) − P (zj)).

Using again the identity (1.6), this time with ai = δyi , bi = −P and the
representation (1.8) we obtain that

gi(y1, . . . , yi) =

i∑

c=1

(−1)i−cπi
c[hc](y1, . . . , yi) + (−1)iEh (1.10)

or equivalently,

gi(y1, . . . , yi) =
i∑

c=1

(−1)i−cπi
c[hc − Eh](y1, . . . , yi) (1.11)

Observe that the functions gi have the property of complete degeneracy, that
is, for any 1 ≤ i ≤ k and j = 1, . . . , i

Egi(y1, . . . , Yj , . . . , yi) = Egi(y1, . . . , yi−1, Yi)

=

∫
gi(y1, . . . , yi−1, z)P (dz) = 0. (1.12)
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Note that (1.12) implies that under square integrability assumption gi’s are
orthogonal in the following sense:

E gi(Ys1 , . . . , Ysi)gj(Yt1 , . . . , Ytj ) =

⎧
⎨
⎩

E g2
i , if {s1, . . . , si} = {t1, . . . , tj},

0, if {s1, . . . , si} �= {t1, . . . , tj},

where E g2
i = E g2

i (Y1, . . . , Yi).
Rewriting the relationship (1.9) in terms of gi’s we obtain

hc − Ehc =
c∑

i=1

πc
i [gi] (1.13)

which is often referred to as the canonical decomposition of a symmetric kernel
hc. Taking in the above formula c = k we arrive at the identity for a kernel
function on a sequence of equidistributed random variables

h(Y1, . . . , Yk) − Eh(Y1, . . . , Yk) =

k∑

i=1

πk
i [gi] (Y1, . . . , Yk). (1.14)

The direct application of the identity (1.14) to the kernel h of a corre-
sponding U -statistic as given by Definition 1.4.1 along with the change of the
order of summation gives the H-decomposition formula for U -statistics

U
(k)
l − E U

(k)
l =

k∑

c=1

(
k

c

)
Uc,l (1.15)

where

Uc,l(Y1, · · · , Yl) =

(
l

c

)−1

πl
c[gc](Y1, · · · , Yl)

=

(
l

c

)−1 ∑

1≤i1<...<ic≤l

gc(Yi1 , · · · , Yic).

Hence it turns out that a U -statistic with given kernel h may be written as
a linear combination of U -statistics with corresponding canonical kernels. If
for given l, k we have g0 = g1 = . . . = gr−1 ≡ 0 but gr �≡ 0, (to make this
also work for r = 1 we define g0 ≡ 0) then the integer r − 1 ≥ 0 is called

the level (degree) of degeneration of U
(k)
l . Sometimes it is more convenient to

work directly with r which is then referred to as a level of non-degeneracy.

Thus when r = 1 then U
(k)
l is called non-degenerate. The integer k − r + 1 is

called the order of U
(k)
l . We say that the sequence of U -statistics (U

(k)
l ) is of

infinite order, if k − r + 1 → ∞ as l → ∞.
The most important features of the H-decomposition are the properties of

its components Uc,l. More precisely, under our assumptions on the Y ′s, for a
fixed c ≥ 1, the following holds true.
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(i) Uc,l is itself a U -statistic with the kernel function gc.
(ii) Define a sequence of σ-fields Fc,l = σ{Uc,l, Uc,l+1, . . .}, l = c, c + 1, . . ..

Then
E(Uc,l|Fc,l+1) = Uc,l+1 , ∀ l = c, c + 1, . . .

which implies that the sequence (Uc,l,Fc,l)l=c,c+1,... is a backward mar-
tingale (see the next chapter).

(iii) Additionally, we also have under further integrability assumptions that

Cov(Uc1,l, Uc2,l) = 0 for c1 �= c2 and l ≥ max{c1, c2}.

The property (i) follows immediately from the definition of gc. The property
(ii) will be discussed in more detail in the next chapter where we show it
to be the consequence of a general result for a larger class of functions (cf.
Theorem 2.2.2 (i)). The property (iii) follows from the orthogonality of gc’s.
Its more general version will be given in Theorem 2.2.2 (ii).

It is perhaps useful to notice that the property (iii) above implies that a

non degenerate U -statistic U
(k)
l may be always represented as a sum of identi-

cally distributed variables plus an orthogonal reminder. Indeed, assuming the
square integrability condition for the kernel h let h̃ = h−Eh and h̃1 = h1−Eh1

and set ĥ(y1, . . . , yk) = h̃(y1, . . . , yk) −∑k
i=1 h̃1(yi). Denote also

R
(k)
l = πl

k[ĥ] =
k∑

c=2

(
k

c

)
Uc,l.

But U1,l(Y1, . . . , Yl) =
∑l

i=1 g1(Yi) and thus for a non-degenerate U -statistic

U
(k)
l (h), on noting that h̃1 = g1 we have

U
(k)
l (h) − EU

(k)
l (h) =

k

l

l∑

i=1

g1(Yi) + R
(k)
l (Y1 . . . , Yl) (1.16)

where R
(k)
l is a U -statistic with kernel a degree of degeneration equal at least

one which is orthogonal to U1,l, that is,

Cov(R
(k)
l , U1,l) = 0.

Assuming as above that h(Y1, . . . , Yk) is square integrable we may relate
the variances of the conditional expectations hc’s, and the canonical kernels
gi’s. In particular from (1.13) and (1.12) it follows that for c = 1, . . . , k

V ar hc =

c∑

i=1

(
c

i

)
V ar gi. (1.17)
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From the above it follows in particular that if r is the level of non-
degeneracy, then we have for c = 1, . . . , k − 1

V ar hc(
c
r

) ≤ V ar hc+1(
c+1

r

) . (1.18)

In order to invert the relationship (1.17) we fix j such that 1 ≤ j ≤ k and
first multiplying both sides of (1.17) by (−1)j−c

(
j
c

)
sum for c = 1, . . . , j.

j∑

c=1

(−1)j−c

(
j

c

)
V ar hc

=

j∑

c=1

(−1)j−c

(
j

c

) c∑

i=1

(
c

i

)
V ar gi =

j∑

i=1

V ar gi

j∑

c=i

(−1)j−c

(
j

c

)(
c

i

)

=

j∑

i=1

V ar gi

(
j

i

) j∑

c=i

(−1)j−c

(
j − i

c − i

)

= V ar gj ,

since (
j

i

) j∑

c=i

(−1)j−c

(
j − i

c − i

)
=

{
1 i = j,

0 otherwise.

Thus the dual formula to (1.17) is

V ar gj =

j∑

c=1

(−1)j−c

(
j

c

)
V ar hc (1.19)

for j = 1, . . . , k.

1.6 P -statistics

There exists an obvious, even seemingly trivial, connection between a perma-
nent of a random matrix and a U -statistic with a product kernel as described
in Example 1.4.1 part 2. Assume that Y1, . . . , Yn are independent identically
distributed real random variables with a finite first moment. Let Y denote a so
called one dimensional projection random matrix. Such a matrix is defined as
a m × n matrix obtained from m row-replicas of the row-vector (Y1, . . . , Yn).
Then by the definition of permanent, as given in the Section 1.3,

Per Y = Per

⎡
⎢⎢⎣

Y1 Y2 . . . Yn

Y1 Y2 . . . Yn

. . . . . . . . . . . .
Y1 Y2 . . . Yn

⎤
⎥⎥⎦ = m ! πn

m

[
m∏

i=1

Yi

]
. (1.20)
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Thus, it can be represented through a U -statistic with the product kernel
h(y1, . . . , ym) = y1 · · · ym as

Per Y =

(
n

m

)
m ! U (m)

n [h] . (1.21)

Definition 1.6.1 (Generalized permanent and P-statistic). For a
given kernel function h the generalized permanent function Perh A is defined as

Perh A =
∑

(i1,...,im):{i1,...,im}⊂{1,...,n}
h(a1,j1 , a2,j2 , . . . , am,jm).

(In particular, if h(x1, . . . , xm) =
∏m

i=1 xi then Perh A = PerA). A corre-

sponding P -statistic is then defined as
(

n
m

)−1
Perh A/m!

Note that for a one dimensional projection matrix the above definition
reduces to that of a U -statistic from Definition 1.4.1, in view of the relation
similar to (1.21) extended now to an arbitrary symmetric kernel function h.
Hence, in our present notation, if X is a one dimensional projection matrix of
m rows and n columns and h is some kernel function of degree m then

U (m)
n (h) =

(
n

m

)−1

Perh X/m! . (1.22)

The formula (1.22) indicates that the theory of U -statistics (perhaps of
infinite order) may prove insightful for investigating the behavior of random
permanents. However, in order to tackle some of the counting problems for
random matrices identified in the introduction we need to extend the relation
(1.21) by removing the restrictions on the structure of the matrix as well as on
the form of a kernel function. Before proceeding, let us introduce an additional
concept which shall be useful in the sequel.

Definition 1.6.2 (Exchangeable random variables). A random vector
(Y1, . . . , Yn) is said to be exchangeable if its joint distribution is invariant
under any permutation of the indices 1, . . . , n. A family of random variables
(Yt)t∈T is said to be exchangeable if its every finite subset is exchangeable.

Note that the definition implies that if (Y1, . . . , Yn) is an exchangeable random
vector then all Yi’s are identically distributed. It is obvious that a sequence of
independent, identically distributed random variables is exchangeable. Below
we give a simple example of a dependent exchangeable sequence.

Example 1.6.1 (Dependent exchangeable sequence). Let (Yk)k≥1 be a sequence
of independent identically distributed real random variables and let Y be such
a random variable that Y and the sequence (Yk)k≥1 are independent. Define
Xk = Yk + Y . Then it is easy to see that that the sequence (Xk)k≥1 is
exchangeable but its elements are not independent.
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Exchangeable random variables shall be discussed in greater detail in
Chapter 3. In particular, for further discussion of the above example, see
Example 3.2.1 therein.

We are returning now to the problem of extending the relationship (1.21).
Albeit in what follows this restriction is not necessary, for the sake of simplicity
we consider as before the case I = R.

Let X (∞) = [Xi,j ] be a real random infinite matrix satisfying the following
two structural conditions:

(A1) Any column of X (∞) is an exchangeable sequence of random variables.
(A2) The columns of X (∞) are independent identically distributed random

sequences.

Note that the assumptions (A1-A2) imply in particular that all entries of
X (∞) are identically distributed. These assumptions are also chosen so as to
cover the cases of both a one dimensional projection matrix described above
and a matrix of independent and identically distributed entries.

By X (m,n) we denote the submatrix created from the first m rows and n
columns of X (∞).

1.7 Examples

With the class of generalized permanents defined in the previous section we
may now look at some more sophisticated examples of counting problems for
matchings in bipartite graphs G = (V1, V2; E), #(V1) = m ≤ #(V2) = n.
Let x be a matrix of weights and (G,x) the weighted version of G. Consider
any symmetric function h of m variables. Then Perh(x) sums over all per-
fect matchings in the complete graph K(m, n) the values of the function h
calculated for every matching.

To use the concept of the generalized permanent for calculating sums of h
values for perfect matchings in any graph (G,x) we define the edge indicators
as yi,j = IE((i, j)), i.e. yi,j = 1 if there is an edge between i ∈ V1 and j ∈ V2

and yi,j = 0 otherwise. One may think about [yi,j ] as an additional set of
weights associated with the weighted graph (G,x). Consider a version of the
kernel h restricted to perfect matchings in G as

ĥ((x1, y1), . . . , (xm, ym)) = y1 . . . ymh(x1, . . . , xm).

Then ĥ((x1,j1 , y1,j1), . . . , (xm,jm , ym,jm)) calculates the h-value for (j1, . . . , jm)
only if it is a perfect matching in G and otherwise it returns the value zero.
(Note that the x-values for the pairs (i, j) �∈ E are non-relevant for the value

of ĥ.) In that sense Perĥ is the sum of h-values for all the perfect matchings

in (G,x). Obviously, for the complete graph K(m, n) we have ĥ = h.
If in the above setting h ≡ 1 then Perĥ returns the number of perfect

matchings in G. Alternatively, this can be achieved by taking h of the product
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form, i.e. h(x1, . . . , xm) = x1 . . . xm with edge indicators as entries of the x
matrix: xi,j = yi,j . Then the number of perfect matchings in (G,x) is just the
permanent, Perh(x) = Per(x) as discussed in Example 1.3.1.

Now we present some more examples of counting problems for perfect
matchings, which are related to generalized permanents. The first one extends
Example 1.2.1.

Example 1.7.1 (Multicolored graph). For a complete graph G = K(m, n), con-
sider a weighted graph (G,x) with colored edges, i.e. xi,j = k if the edge (i, j)
is painted with the color which is coded by the number k, k = 1, 2, . . . , N ≤ ∞.
Then the number of perfect matchings which are monochromatic equals
Perh(x) where

h(x1, . . . , xm) =

N∑

k=1

m∏

i=1

I(xi = k).

Note that for N = 2 this reduces to the count of all perfect matchings as in
Examples 1.3.1 and 1.3.2.

The same problem for a graph which is not complete can be treated sim-
ilarly by regarding some of the edges of the complete graph as being trans-
parent.

Example 1.7.2 (Multicolored graph (cont)). In the setting of the previous ex-
ample we can add the value 0 for the color codes, meaning that there is no
edge (the edge is transparent). Thus xi,j = 0 if there is no edge between i and
j and it is easy to see that the number of perfect matchings in (G,x) which
are monochromatic is just Perh(x).

Another parameter of interest may be the number of perfect matchings
with edges of a given combination of colors.

Example 1.7.3 (Bicolored graph). Consider a complete bipartite graph K(m, n)
with edges being painted either red or black. To compute number of matchings
with exactly L red edges, first, we associate with each edge a weight xi,j

which equals 1 if the edge (i, j) is red and equals 0 if the edge is black.
Then by taking

h(x1, . . . , xm) = I(x1 + . . . + xm = L)

it follows that the number of perfect matchings with L red edges equals
Perh(x).

Our final example in this chapter is concerned with counting heavy and light
perfect matchings.

Example 1.7.4 (Heavy and light matchings). Suppose we are interested in
matchings which are heavy in the sense that the sum of the weights exceeds
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a given level α. Likewise, we might be interested in counting light matchings,
that is such that the sum of their weights is below a level β. Then for

h1(x1, . . . , xm) = I(x1 + . . . + xm > α)

the generalized permanent Perh1 yields the total number of heavy matchings.
Similarly, Perh2 yields the total number of light matchings for

h2(x1, . . . , xm) = I(x1 + . . . + xm < β).

Alternatively, for a fixed s (usually small) one can be interested in match-
ings with at most s weights below a given level α or at most s weights above
a given level β. In the first case we take

h1(x1, . . . , xm) = I(xs+1:m ≥ α), s = 0, 1, . . . , m − 1,

where xk:n denotes the k-th smallest value among {x1, . . . , xn}. If h1 = 1
then we say that this represents a matching with few (at most s) light (with
weights less than α) edges. Perĥ1

returns the total number of such perfect
matchings.

In the second case we take

h2(x1, . . . , xm) = I(xm−s:m < β), s = 0, 1, . . . , m − 1.

If h2 = 1 then we can say that the above represents a perfect matching with
a few (at most s) heavy (the weight greater that β). As before, Perĥ2

returns
the total count of such perfect matchings.

1.8 Bibliographic Details

Some general references to applications of bipartite graphs in complex systems
related to communication and social networks are e.g., in the review articles
by Guillaume and Latapy (2004) and Newman et al. (2002). The former article
also gives further reference to biological networks applications. In the context
of the systems of chemical reactions equations the material in chapter 2 of
the recent monograph by Wilkinson (2006) is a good general introduction to
biochemical reactions random graphs models (albeit typically in the context
of chemical kinetics) and stochastic Petri nets. A good general tutorial on
Petri nets is provided by Murata (1989) an the more extensive treatment of
the subject is provided in the monograph of Peterson (1981).

The permanent function appeared for the first time in Cauchy’s memoirs
on determinants (Cauchy, 1812) and, almost simultaneously, in the work by
Binet (1812). Until recently for many non-experts the permanent function
was associated mainly with an intriguing Van-Der Varden conjecture which
was only recently shown to be true. A review article by Bapat (1990) is a
good source of information on that topic. The best modern source of results
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on permanents is the book by Minc (1978). The notion of a random per-
manent in connection with U -statistic theory is discussed in Korolyuk and
Borovskikh (1991), Borovskikh and Korolyuk (1994) and in Rempa�la and
Weso�lowski (1999). Ryser’s seminal paper on the permanent function com-
putational complexity is also of interest (Ryser, 1963). The proof that for
0 − 1 matrices evaluating a permanent belongs to #P - class of the compu-
tational complexity is given in Valiant (1979). Some more recent results on
approximate algorithms for computing permanent are given e.g., in Jerrum
et al. (2004). The connections of a permanent function with some statistical
problems were reviewed in Bapat (1990).

The classical U -statistics of finite order were introduced in the papers of
Halmos (1946) and Hoeffding (1948). The latter paper gave a fundamental
result on the asymptotic normality for non-degenerate U -statistics. There are
several good general references on U -statistics, e.g., Lee (1990), Koroljuk and
Borovskich (1994) or Serfling (1980, chapter 5).





2

Properties of P -statistics

2.1 Preliminaries: Martingales

In order to discuss properties of P -statistics we first need to review briefly
the basic results on martingales. The theory of martingales is rich and pro-
found and reaches far beyond the basic results stated here. Interested reader
is referred to one of many excellent texts available, like for instance Billingsley
(1999), Chow and Teicher (1978) or Ethier and Kurtz (1986).

For T ⊂ R consider an integrable stochastic process (Xt)t∈T defined on a
probability space (Ω,F , P ).

Definition 2.1.1 (Martingale). A family of σ-fields (Ft)t∈T is called a fil-
tration if Ft ⊂ F for any t ∈ T and Fs ⊂ Ft for any s ≤ t, s, t ∈ T . The
process (Xt, Ft)t∈T is called a martingale if

(a)Xt is Ft-measurable for any t ∈ T

(b) E(Xt|Fs) = Xs for any s ≤ t, s, t ∈ T .

It turns out that in the theory of P -statistics a related concept of a backward
(or reversed) martingale is also useful.

Definition 2.1.2 (Backward martingale). Consider a family of σ-fields
(Gt)t∈T such that Gt ⊂ F for any t ∈ T and Gt ⊂ Gs for any s ≤ t, s, t ∈ T .
The process (Xt, Gt)t∈T is called a backward martingale if

(a)Xt is Gt-measurable for any t ∈ T

(b) E(Xs|Gt) = Xt for any s ≤ t, s, t ∈ T .

Let us prove the following result known as the Doob or maximal inequality
(see, Chow and Teicher 1978, chapter 7 or Ethier and Kurtz 1986, chapter 2).

Theorem 2.1.1 (Maximal inequality for martingales). Let n be an
arbitrary positive integer and (Xt,Ft)t∈T be a martingale with a countable
index set T satisfying {0, n} ⊂ T ⊂ [0,∞). Then for any ε > 0
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P

(
sup

t∈T∩[0,n]

|Xt| > ε

)
≤ ε−2EX2

n.

Proof. Assume first that T ∩ [0, n] = {0 = t0, t1, . . . , tM = n} is finite, ti <
ti+1, i = 0, 1, . . . , M − 1. For an arbitrary ε > 0 define

Ak = ∩k−1
i=0 {|Xti | ≤ ε} ∩ {|Xtk

| > ε}, k = 0, . . . , M.

Note that Ak, k = 0, . . . , M , are disjoint, Ak ∈ Fk for each k and

{
sup

t∈T∩[0,n]

|Xt| > ε

}
=

{
max

t∈T∩[0,n]
|Xt| > ε

}
=

M⋃

k=0

Ak.

Moreover, due to the martingale property,

E[(Xn − Xtk
)Xtk

I(Ak)] = E[Xtk
I(Ak)E[Xn − Xtk

|Ftk
]] = 0.

In view of the above, we may write

EX2
n =

M∑

k=0

EX2
nI(Ak)

=

M∑

k=0

E[(Xn − Xtk
)2I(Ak)] + E[X2

tk
I(Ak)]

≥
M∑

k=0

E[X2
tk

I(Ak)]

≥
M∑

k=0

ε2P (Ak) = ε2 P

(
M⋃

k=0

Ak

)

= ε2 P ( sup
t∈T∩[0,n]

|Xt| > ε).

In order to prove the result for countable T consider a sequence T0 ⊂ T1 ⊂
T2 ⊂ . . . of finite subsets of T such that {0, n} ∈ T0 and

⋃
k Tk = T . Then by

continuity from below of the probability it follows that for any ε > 0

P

(
sup

t∈T∩[0,n]

|Xt| > ε

)
= P

(
⋃

k

{
max

t∈Tk∩[0,n]
|Xt| > ε

})

= lim
k→∞

P

(
max

t∈Tk∩[0,n]
|Xt| > ε

)
≤ ε−2EX2

n. ⊓⊔

The result above may be easily extended to the case of an uncountable index
set, say, T = [0, 1], if we assume some regularity conditions on the trajectories
of (Xt)t∈T .
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Proposition 2.1.1. Assume that T = [0, 1] and the martingale (Xt)t∈T has
trajectories which are a.s. cadlag, i.e., are right continuous and have left-hand
limits a.s. Then

P ( sup
t∈[0,1]

|Xt| > ε) ≤ ε−2EX2
1 .

⊓⊔
In a similar way one may prove an analogous result for backward martingales.
Let us state it for the record as

Theorem 2.1.2 (Maximal inequality for backward martingales). Let
n be an arbitrary positive integer and (Xt,Gt)t∈T be a backward martingale
with {n} ⊂ T ⊂ [n,∞) and T being a countable set. Then for any ε > 0

P ( sup
t∈T∩[n,∞)

|Xt| > ε) ≤ ε−2EX2
n.

Proof. The proof is similar to that of Theorem 2.1.1 and thus omitted. ⊓⊔

2.2 H-decomposition of a P -statistic

We first give the result extending the H-decomposition (1.15) to an arbitrary
P -statistic.

Consider an infinite random matrix X (∞) satisfying the assumptions (A1-
A2) as it was introduced in the previous chapter. We denote by X (i1, . . . , ip|
j1, . . . , jq) a sub-matrix constructed out of X (m,n) by taking only the entries
at the intersections of the selected p rows {i1, . . . , ip} ⊆ {1, . . . , m} and q
columns {j1, . . . , jq} ⊆ {1, . . . , n}.

Note that Perh X (i1, . . . , ip|j1, . . . , jq) may be regarded as either row- or
column- symmetric function. Thus we may apply to it, in both settings, the
general symmetrization operation defined by (1.2) with I = Rq, k = p, l = m
when regarded as a row function and with I = Rp, k = q, l = n when
regarded as a column function. Note that under the assumptions (A1-A2) the
exchangeability requirement for the random row or column vectors is satisfied.

Denote the row symmetrization of a generalized permanent by

Perh X (p|j1, . . . , jq) =
∑

1≤i1<...<ip≤m

Perh X (i1, . . . , ip|j1, . . . , jq)

= πm
p Perh X (·|j1, . . . , jq)

for any {j1, . . . , jq} ⊂ {1, . . . , n} and the similar column symmetrization by

Perh X (i1, . . . , ip|q) =
∑

1≤j1<...<jq≤n

Perh X (i1, . . . , ip|j1, . . . , jq)

= πn
q Perh X (i1, . . . , ip|·)
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for any {i1, . . . , ip} ⊂ {1, . . . , m}.
Similarly,

Perh X (p|q) =
∑

1≤j1<...<jq≤n

Perh X (p|j1, . . . , jq)

=
∑

1≤i1<...<ip≤m

Perh X (i1, . . . , ip|q)

=
∑

1≤j1<...<jq≤n

∑

1≤i1<...<ip≤m

Perh X (i1, . . . , ip|j1, . . . , jq).

Using this notation, we may now easily extend the Laplace expansion formula
for permanents given by (1.1). Let us state it in the form of the following
lemma.

Lemma 2.2.1. Let X (m,n) be an m × n-matrix with 1 ≤ m ≤ n. Then

Perh X
(m,n) = Perh X (1, 2, . . . , m|m). (2.1)

⊓⊔
The above formula suggests that in order to decompose Perh X , it suffices

to decompose a generalized permanent of a square submatrix with columns
j1 . . . , jm

Perh X (1, 2, . . . , m|j1, j2, . . . , jm).

Assume for convenience that Eh = 0 (otherwise taking h̃ = h − Eh in what
follows).

Denote by Sq a set of permutations of {1, . . . , q}. In view of the above
(cf. (1.14)) the decomposition of Perh X (1, 2, . . . , m|j1, j2, . . . , jm) can be
obtained as follows

Perh X (1, 2, . . . , m|j1 . . . , jm)

=
∑

σ∈Sm

h(X1,jσ(1)
, X2,jσ(2)

, . . . , Xm,jσ(m)
)

=
∑

σ∈Sm

m∑

c=1

(πm
c gc)(X1,jσ(1)

, X2,jσ(2)
, . . . , Xm,jσ(m)

)

=

m∑

c=1

∑

1≤i1<...<ic≤m

∑

σ∈Sm

gc(Xi1,jσ(i1)
, . . . , Xic,jσ(ic)

).

But by the definition of a generalized permanent and in view of (2.1)
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∑

σ∈Sm

gc(Xi1,jσ(i1)
, . . . , Xic,jσ(ic)

)

=
∑

1≤l1<...<lc≤m

∑

τ∈Sc

gc(Xiτ(1),jl1
, . . . , Xiτ(c),jlc

)

=
∑

1≤l1<...<lc≤m

PergcX (i1, . . . , ic|jl1 , . . . , jlc)

= PergcX (i1, . . . , ic|j1, . . . , jm).

Hence

Perh X (1, 2, . . . , m|j1 . . . , jm)

=

m∑

c=1

∑

1≤i1<...<ic≤m

PergcX (i1, . . . , ic|j1, . . . , jm)

=

m∑

c=1

PergcX (c|j1, . . . , jm).

Thus, using again (2.1), we may write

Perh X
(m,n) = Perh X (1, 2, . . . , m|m)

=
∑

1≤j1<...<jm≤n

Perh X (1, 2, . . . , m|j1, . . . , jm)

=
∑

1≤j1<...<jm≤n

m∑

c=1

Pergc X (c|j1, . . . , jm)

=

m∑

c=1

(
n − c

m − c

)
(m − c)!

∑

1≤j1<...<jc≤n

Pergc X (c|j1, . . . , jc)

=
m∑

c=1

(
n − c

m − c

)
(m − c)! Pergc X (c|c).

Rewriting the above as

Perh X
(m,n) =

m∑

c=1

m!

(
n

m

)(
n

c

)−1

Pergc X (c|c)/c!

and denoting

U (m,n)
gc

=

(
m

c

)−1(
n

c

)−1

Pergc X (c|c)/c! (2.2)

we may summarize the above considerations as follows.

Theorem 2.2.1. Under assumptions (A1-A2) on the entries of a matrix
X (m,n), suppose also that the kernel h satisfies E|h| < ∞. Then
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(
n

m

)−1 (
Perh X

(m,n) − EPerh X
(m,n)

)
/m! =

m∑

c=1

(
m

c

)
U (m,n)

gc
,

where the components U
(m,n)
gc are defined by (2.2). ⊓⊔

If X (m,n) = X that is, X (m,n) is a one dimensional projection matrix then by
(1.22) a P -statistic is a U -statistic and the Theorem 2.2.1 reduces to the H-
decomposition (1.15). Let us also note that for any fixed c ≥ 1 the component

U
(m,n)
gc is simply a P -statistic obtained by symmetrization (with respect to

rows and columns of X (m,n)) of a generalized permanent with a kernel function
gc based on a square c × c submatrix of X (m,n).

For the purpose of illustration let us provide a simple example of an appli-
cation of Theorem 2.2.1.

Example 2.2.1 (Random permanent decomposition). Let E Xi,j = µ �= 0 and
consider the kernel h(y1, . . . , ym) =

∏m
i=1(yi/µ). Then

gc(y1, . . . , yc) =
c∏

i=1

(yi − µ)µ−c

and by Theorem 2.2.1 we have

Per X (m,n)

(
n
m

)
m!µm

= 1 +
m∑

c=1

(
m

c

)
U (m,n)

c ,

where

U (m,n)
c =

(
n

c

)−1(
m

c

)−1

(µcc!)−1Per X̃ (c|c) (2.3)

=

(
n

c

)−1(
m

c

)−1

(µcc!)−1
∑

1≤i1<...<ic≤m
∑

1≤j1<...<jc≤n

Per X̃ (i1, . . . , ic|j1, . . . , jc), (2.4)

for X̃i,j = Xi,j − µ, (i = 1, . . . , m, j = 1, . . . , n).

The fact that the generalized H-decomposition given in Theorem 2.2.1

retains the uncorrelated martingale structure of the components U
(m,n)
gc ’s is

verified in the following result.

Theorem 2.2.2. Assume m = mn is a non-decreasing sequence in n. Under
assumptions (A1-A2) on the entries of matrix X (∞), for a fixed c ≥ 1

(i) if F (n)
c = σ{U (mn,n)

gc , U
(mn+1,n+1)
gc , . . .}, then for n0(c) = min{n : mn ≥ c}

E(U (mn,n)
gc

|F (n+1)
c ) = U (mn+1,n+1)

gc
, ∀ n = n0(c), n0(c) + 1, . . .

that is,
(
U

(mn,n)
gc ,F (n)

c

)

n=n0(c),n0(c)+1,...
is a backward martingale,
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(ii) the elements (U
(m,n)
gc )c of the H-decomposition of a P -statistic are orthog-

onal, i.e.
Cov(U (m,n)

gc1
, U (m,n)

gc2
) = 0 if c1 �= c2.

Proof. (i) Let us denote by U
(mn,n)
gc (l1, . . . , lmn+1−mn ; k) an element of the

Hoeffding decomposition (as given in Theorem 2.2.1) of an mn × n matrix,
which is obtained by deleting the rows numbered l1, . . . , lmn+1−mn and the
k-th column from the mn+1 × (n + 1) matrix, i.e.,

U (mn,n)
gc

(l1, . . . , lmn+1−mn ; k) =

(
mn

c

)−1(
n

c

)−1

(c!)−1

×
∑

1 ≤ i1 < . . . < ic ≤ mn+1

{i1, . . . , ic} ∩ {l1, . . . , lmn+1−mn} = ∅

∑

1 ≤ j1 < . . . jc ≤ n + 1
k �∈ {j1, . . . , jc}

Pergc X (i1, . . . , ic|j1, . . . , jc).

Observe that

n+1∑

k=1

∑

1≤l1<...<lmn+1−mn≤mn+1

U (mn,n)
gc

(l1, . . . , lmn+1−mn ; k)

=

(
mn+1 − c

mn − c

)
n + 1 − c(

mn

c

)(
n
c

) Pergc X
(mn+1,n+1)(c|c)/c!,

where X (mn+1,n+1) is the mn+1× (n+1) dimensional matrix created from the
left upper corner of the infinite matrix X (∞). Since

(
mn+1 − c

mn+1 − mn

)(
mn

c

)−1

=

(
mn+1

mn

)(
mn+1

c

)−1

,

the above entails

n+1∑

k=1

∑

1≤l1<...<lmn+1−mn≤mn+1

U (mn,n)
gc

(l1, . . . , lmn+1−mn ; k)

= (n + 1)

(
mn+1

mn

)
U (mn+1,n+1)

gc
. (2.5)

Let us note that in view of the assumptions (A1-A2) it follows that the con-

ditional distribution of U
(mn,n)
gc (l1, . . . , lmn+1−mn ; k) given F (n+1)

c is the same
for any particular choice of k ∈ {1, . . . , n + 1} and {l1, . . . , lmn+1−mn} ⊂
{1, . . . , mn+1}. Consequently,

E[U (mn,n)
gc

(l1, . . . , lmn+1−mn ; k)|F (n+1)
c ]

= E[U (mn,n)
gc

(n + 1, n + 2, . . . , mn+1; n + 1)|F (n+1)
c ] = E[U (m,n)

gc
|F (n+1)

c ]
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yielding

E

⎡
⎣

n+1∑

k=1

∑

1≤l1<...<lmn+1−mn≤mn+1

U (mn,n)
gc

(l1, . . . , lmn+1−mn ; k)

∣∣∣∣∣∣
F (n+1)

c

⎤
⎦

(2.6)

= (n + 1)

(
mn+1

mn

)
E(U (mn,n)

gc
|F (n+1)

c ). (2.7)

On the other hand, in view of the identity (2.5), we have that (2.6) is equal
to

(n+1)

(
mn+1

mn

)
E(U (mn+1,n+1)

gc
|F (n+1)

c ) = (n+1)

(
mn+1

mn

)
U (mn+1,n+1)

gc
. (2.8)

Comparing the expression (2.7) with that at the right-hand side of (2.8), we
arrive at (i).

In order to prove (ii) it is enough to show that for c1 �= c2 we have

Cov
(
Pergc1

X (c1|c1), P ergc2
X (c2|c2)

)
= 0.

To this end we will show that for any pairs of fixed sets of rows {i1, . . . , ic1},
{k1, . . . , kc2} and columns {j1, . . . , jc1}, {l1, . . . , lc2}

Cov
[
Pergc1

X (i1, . . . , ic1 |j1, . . . , jc1), P ergc2
X (k1, . . . , kc2 |l1, . . . , lc2)

]
= 0.
(2.9)

Consider an arbitrary pair of fixed sets of rows {i1, . . . , ic1}, {k1, . . . , kc2} and
columns {j1, . . . , jc1}, {l1, . . . , lc2}. Let us note that by linearity of the covari-
ance operator

Cov
[
Pergc1

X (i1, . . . , ic1 |j1, . . . , jc1), P ergc2
X (k1, . . . , kc2 |l1, . . . , lc2)

]

=
∑

σ∈Sc1 , τ∈Sc2

E
(
gc1(Xi1,jσ(1)

, . . . , Xic1 ,jσ(c1)
) gc2(Xk1,lτ(1)

, . . . , Xkc2 ,lτ(c2)
)
)

.

Since c1 �= c2 we may assume without loosing generality that c1 > c2. It
follows that there exist at least one column js ∈ {j1, . . . , jc1} such that js /∈
{l1, . . . , lc2}. But by the assumption of the independence of columns and the
property of canonical functions (1.12) the standard conditioning argument
implies now that all the summands above are zero and thus (2.9) follows. The
proof of the result is complete. ⊓⊔

2.3 Variance Formula for a P -statistic

Using the representation of Theorem 2.2.1 it is possible to derive a general
formula for the variance of a P -statistic which proves very useful later on.
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Theorem 2.3.1 (The variance formula for a P-statistic). Under the
assumptions (A1-A2) on X (∞) let us suppose Eh2 < ∞. Then for c = 1, . . . , m

V ar U (m,n)
c =

(
n

c

)−1(
m

c

)−1 c∑

d=0

(
m − d

c − d

)
D(c, d)

d!

where

D(c, d) =

d∑

s=0

(
d

s

)
(−1)d−sρc,s

for d = 0, 1, . . . , c and

ρc,s = E
[
gc(X11, . . . , Xss, Xis+1,s+1 . . . , Xic,c)×

gc(X11, . . . , Xss, Xjs+1,s+1 . . . , Xjc,c)
]

where ik �= jk for k = s + 1, . . . , c and s = 0, . . . , c.

Proof. First, let us note that by Theorem 2.2.2 it follows that

V ar
Perh X(

n
m

)
m!

=

m∑

c=1

(
m

c

)2

V ar U (m,n)
gc

+
∑

1≤c1 �=c2≤m

(
m

c1

)(
m

c2

)

Cov
[
U (m,n)

gc1
, U (m,n)

gc2

]
=

m∑

c=1

(
m

c

)2

V ar U (m,n)
gc

. (2.10)

Now, for c = 1, . . .m

(
n

c

)2(
m

c

)2

c!2 V ar U (m,n)
gc

= V ar Pergc X (c|c)

=
∑

1≤j1<...<jc≤n

V ar (Pergc X (c|j1, . . . , jc))

since, by independence of columns of X (∞), we have (cf. also the proof of part
(ii) of the Theorem 2.2.2)

Cov [Pergc X (c|j1, . . . , jc), P ergc X (c|l1, . . . , lc)] = 0

if only {j1, . . . , jc} �= {l1, . . . , lc}.
Since the columns of X (∞) are identically distributed, we obtain

(
n

c

)(
m

c

)2

c!2 V ar U (m,n)
gc

= V ar (Pergc X (c|1, . . . , c)).

Let us note that the number of pairs of c × c submatrices of X (∞) having
exactly k rows in common equals

(
m
c

)(
c
k

)(
m−c
c−k

)
, for max(0, 2c − m) ≤ k ≤ c,

and each such pair has equal covariance (since the row vectors of X (∞) are
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identically distributed). Hence, for given c, the above right-hand side can be
written as

(
m

c

) c∑

k=max(0,2c−m)

(
c

k

)(
m − c

c − k

)

× Cov [Pergc X (1, . . . , k, ik+1, . . . , ic|1, . . . , c),

P ergc X (1, . . . , k, lk+1, . . . , lc|1, . . . , c)]

where {ik+1, . . . , ic} ∩ {lk+1, . . . , lc} = ∅.
Observe that each term of the above sum is itself a sum of the partial

covariance elements of the form

E
[
gc(Xi1,1, . . . , Xil,l, Xil+1,l+1 . . . , Xic,c)

gc(Xi1,1, . . . , Xil,l, Xjl+1,l+1 . . . , Xjc,c)
]

where il+1, . . . , ic and jl+1, . . . , jc are fixed non-overlapping subsets of {l +
1, . . . , m} for some 0 ≤ l ≤ k. By the assumptions about the entries of the
matrix X (∞) it follows that the partial covariances having exactly l (0 ≤ l ≤ k)
elements in common are the same and equal to

ρc,l = E
[
gc(X1,1, . . . , Xl,l, Xil+1,l+1 . . . , Xic,c)

gc(X1,1, . . . , Xl,l, Xjl+1,l+1 . . . , Xjc,c)
]

Now, to compute the covariance of such k×c permanents it suffices to find
the number of pairs of c-tuples of arguments of the function gc with exactly l
elements in common, (0 ≤ l ≤ k ≤ c). Observe that it equals to the number
of pairs of c-tuples having exactly l common elements in a permanent of the
matrix k×c, multiplied by (c−k)!2 – the number of all possible permutations
of ik+1, . . . , ic and lk+1, . . . , lc.

To compute the number of pairs of c-tuples with exactly l elements in com-
mon let us start with finding the number of c-tuples present in the defining for-
mula for Pergc Y[k, c], where Y[k, c] is a k×c matrix, having exactly l elements
in common with the diagonal entries y1,1, . . . , yk,k. First, we fix l factors in(
k
l

)
ways. If we assume that y1,1, . . . , yl,l are fixed, then the remaining factors,

in the c-tuples we are looking for, have to be of the form yl+1,jl+1
, . . . , yk,jk

,
where jd �= d, d = l + 1, . . . , k. Finding the number of such c-tuples (say,
Rl(k, c)) is equivalent to computing the number of summands in a permanent
of the matrix of dimensions (k− l)× (c− l) which do not contain any diagonal
entry. To this end, we subtract the number of all summands having at least
one factor being the diagonal entry, from the total number of all summands
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in that permanent. Using the exclusion-inclusion formula we get that

Rl(k, c) =

(
c − l

k − l

)
(k − l)! −

k−l∑

j=1

(−1)j+1

(
k − l

j

)(
c − l − j

k − l − j

)
(k − l − j)!,

where the absolute value of the j-th member of the above sum denotes the
number of c-tuples having exactly j factors being the diagonal entries (equal to
the number of choices of j positions on the diagonal) multiplied by the number
of c-tuples of k−l−j factors from the outside of the diagonal (equal to number
of c-tuples in the permanent of the matrix of dimensions (k−l−j)×(c−l−j)).
Thus, in a slightly more compact form,

Rl(k, c) =

k−l∑

j=0

(−1)j

(
k − l

j

)(
c − l − j

k − l − j

)
(k − l − j)!. (2.11)

Consequently, the number of pairs of c-tuples in Per Y[k, c] with exactly l
factors in common equals to

(
c

k

)
k!

(
k

l

)
Rl(k, c).

Hence, combining the above formula with an earlier one for the number of
pairs of c-tuples with l identical factors we arrive at

Cov [Pergc X (1, . . . , k, ik+1, . . . , ic|1, . . . , c),

P ergc X (1, . . . , k, lk+1, . . . , lc|1, . . . , c)]

= (c − k)!2
k∑

l=0

(
c

k

)
k!

(
k

l

)
ρc,lRl(k, c) .

Now, returning to the formula for the variance of U
(m,n)
gc we obtain by

(2.11)
(

n

c

)(
m

c

)
V ar U (m,n)

gc

=
1

c!2

c∑

k=max(0,2c−m)

(
c

k

)2(
m − c

c − k

)
k!(c − k)!2

k∑

l=0

(
k

l

)
ρc,l Rl(k, c)

=

c∑

k=max(0,2c−m)

(
m − c

c − k

) k∑

d=0

(
c − d

k − d

)
1

d!
D(c, d), (2.12)

since
k∑

l=0

(
k

l

)
ρc,lRl(k, c) =

k∑

l=0

(
k

l

)
ρc,l

k∑

d=l

(−1)d−l

(
k − l

d − l

)(
c − d

k − d

)
(k − d)!

=

k∑

d=0

(
c − d

k − d

)
(k − d)!

(
k

d

) d∑

l=0

(
d

l

)
(−1)d−lρc,l
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=
k∑

d=0

(
c − d

k − d

)
k!

d!
D(c, d).

Observe that we can further simplify the expression (2.12), since

c∑

k=max(0,2c−m)

(
m − c

c − k

) k∑

d=0

(
c − d

k − d

)
D(c, d)

d!

=

c∑

d=0

D(c, d)

d!

c∑

k=max(d,2c−m)

(
m − c

c − k

)(
c − d

k − d

)
=

c∑

d=0

(
m − d

c − d

)
D(c, d)

d!
,

where the last equality follows by applying the hypergeometric summation
rule for the inner sum. Thus, we can rewrite (2.12) as

V ar U (m,n)
gc

=

(
n

c

)−1(
m

c

)−1 c∑

d=0

(
m − d

c − d

)
D(c, d)

d!
,

which along with (2.10) completes the proof. ⊓⊔

Example 2.3.1 (Variance of a random permanent). Consider again the kernel
function as in Example 2.2.1. Let as before µ �= 0 be the common mean of
Xi,j and additionally let 0 < σ2 < ∞ be the common variance. By γ = σ/µ
we denote the coefficient of variation and by ρ > 0 the correlation between
any two components from the same column. Then,

ρc,s = γ2cρc−s

and thus
D(c, d) = γ2cρc−d(1 − ρ)d.

As shown before in Example 2.2.1 the canonical function U
(m,n)
gc of the H-

decomposition is given by (2.3). From Theorem 2.3.1 we have now that

V ar U (m,n)
c =

(
n

c

)−1(
m

c

)−1

γ2c
c∑

d=0

(
m − d

c − d

)
ρc−d(1 − ρ)d

d!
,

and hence by the orthogonality of U
(m,n)
gc for c = 1, 2, . . . , m, it follows that

V ar

(
Per X (m,n)

(
n
m

)
m! µm

)
=

m∑

c=1

(
m
c

)
γ2c

(
n
c

)
c∑

d=0

1

d!

(
m − d

c − d

)
(1 − ρ)dρc−d.

An important special case of Theorem 2.3.1 occurs when the rows of X (∞)

are also independent. Then the matrix X (∞) has all independent and identi-
cally distributed entries and

D(c, d) = 0 for d < c.
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Since ρ(c, c) = V ar gc, we see that for each canonical component U
(m,n)
gc we

must have

V ar
(
U (m,n)

gc

)
=

(
m

c

)−1(
n

c

)−1
V ar gc

c!
,

which entails (by orthogonality) that the formula for the variance of a P -
statistic degenerate of degree r − 1 in case when X (∞) has all independent
and identically distributed entries is

V ar

(
Perh X (m,n)

(
n
m

)
m!

)
=

m∑

c=r

(
m
c

)
(
n
c

) V ar gc

c!
. (2.13)

Another important special case is that of a U -statistic which corresponds to
X (∞) = X i.e., the one dimensional projection matrix. Then in Theorem 2.3.1
we have

D(c, s) = 0 for s > 0

and obtain the following variance formula for a U -statistic of degree of degen-
eration r − 1 as defined in Definition 1.4.1 with l = n and k = m

V ar

(
Perh X(

n
m

)
m!

)
= V ar

(
U (m)

n (h)
)

=
m∑

c=r

(
m
c

)2
(
n
c

) V ar gc. (2.14)

We conclude this chapter with the following example illustrating one pos-
sible use of Theorem 2.3.1. The example could be considered as a warm-up
before the material of the next chapter. Recall that for a sequence of random
variables Xn and a sequence of real numbers an the notation Xn = op(an)
stands for ∀ε>0P (|Xn| > anε) → 0 as n → ∞. In this notation we may state
the following simple approximation theorem for non-degenerate P -statistics.

Example 2.3.2 (Approximation theorem for P -statistics). Assume (A1-A2) for
matrix X (∞). Suppose m/

√
n → 0 as n → ∞, Eh2 < ∞ and V ar (g1) �= 0

where g1 does not depend on m, n, as well as for some non-random positive
constants M1 and M2 which do not depend upon m, n, we have for c =
1, 2, 3, . . .

∀d≤c D(c, d) ≤ M c
1Md

2 < ∞.

Then
Perh X (m,n)

(
n
m

)
m!

− Eh =
1

n

∑

ij

g1(Xij) + op

(
m√
n

)
. (2.15)

The formula (2.15) is a simple consequence of the properties of P -statistics
summarized by Theorems 2.2.1, 2.2.2, and 2.3.1 in this chapter. Note that for
non-degenerate P -statistics (r = 1)

U (m,n)
g1

=

(
m

1

)−1(
n

1

)−1

Perg1X (1|1) =
1

mn

∑

ij

g1(xij)
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and thus by Theorem 2.2.1

Perh X (m,n)

(
n
m

)
m!

− Eh =
1

n

∑

ij

g1(xij) + Rm,n

where the two summands are orthogonal by Theorem 2.2.2. To complete the
proof it is enough then to show Rm,n = op(m/

√
n) which will follow if we can

argue that
n

m2
V ar Rm,n → 0

as n → ∞ and m2/n → 0. Under the assumptions of the example we have

V ar U (m,n)
gc

=

(
n

c

)−1(
m

c

)−1 c∑

d=0

(
m − d

c − d

)
D(c, d)

d!
≤
(

n

c

)−1

exp(M2) M c
1

since
(
m−d
c−d

)
≤
(

m
c

)
for 1 ≤ d ≤ c ≤ m. Therefore by Theorem 2.3.1

n

m2
V ar Rm,n =

n

m2

m∑

c=2

(
m

c

)2

V ar U (m,n)
gc

≤ n

m2
exp(M2)

m∑

c=2

(
m

c

)2(
n

c

)−1

M c
1

≤ n

m2
exp(M2)

m∑

c=2

(
M1

m2

n

)c
1

c!
,

where the last inequality follows by

c!

(
m
c

)2
(
n
c

) ≤
(

m2

n

)c

Consequently,

n

m2
V ar Rm,n ≤ M2

1 exp(M2)
m2

n

m∑

c=0

(
M1m

2

n

)c
1

c!
→ 0,

since the sum above is bounded by a constant and m2/n → 0.
In particular, continuing the case of random permanent (see Examples

2.2.1 and 2.3.1), we take h(y1, . . . , ym) =
∏m

i=1(yi/µ) such that Eh = µ �=0.
Then [g1(Xi,j)] = µ−1[Xi,j −µ]. Thus the above formula provides the approx-
imation for the classical permanent function since then we may take (see the
formula for D(c, d) in Example 2.3.1) M1 = ργ2 and M2 = (1 − ρ)/ρ.

2.4 Bibliographic Details

The standard general references on the martingale theory are Chow and
Teicher (1978); Billingsley (1999) and for continuous time processes e.g.,
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Ethier and Kurtz (1986). The general martingale decomposition for a U -
statistic, which became latter known as the H-decomposition, was presented
for the first time in Hoeffding (1961). The notion of a P -statistic and its gen-
eral decomposition comes from the papers of Rempa�la and Weso�lowski (2003)
and Rempa�la (2001). The idea is related to a general canonical decomposition
of a symmetric functional as described in Dynkin and Mandelbaum (1983)
or in Lee (1990, chapter 4). Most of the material of this chapter discussed
in Sections 2 and 3 comes from the work of Rempa�la (2001), which, though
appeared earlier, extended to P -statistics the ideas developed for random per-
manents in Rempa�la and Weso�lowski (2002b) and Rempa�la and Weso�lowski
(2002c).





3

Asymptotics for Random Permanents

3.1 Introduction

As already pointed out, the major difficulty of working with permanents and,
in general, with P -statistics, lies in the fact that they are very difficult to
compute when the dimensions of the matrix are large. In such case a nat-
ural question arises whether one could approximate the complicated exact
distribution of a P -statistic by means of a simpler one. The issue leads to
the problem of limiting behavior of P -statistics and particularly to the prob-
lem of weak convergence. In order to prepare the discussion of the problem
for general P -statistics later on (Chapter 5), we shall first investigate in the
next two chapters a somewhat simpler (but very insightful) case of a random
permanent function.

In case of a random permanent the first results on weak convergence were
obtained for one dimensional projection matrices in Székely (1982), van Es
and Helmers (1988), Borovskikh and Korolyuk (1994). For the record we state

them below as Theorem 3.1.1. In the sequel we use the symbol
d→ to denote

the convergence in distribution of random variables in Rk (or weak conver-
gence of their distributions). A more general discussion of the notion of weak
convergence in metric spaces is given in the next chapter. Before stating the
first result let us recall that for a random variable X with mean µ �= 0 and
variance σ2 < ∞ its coefficient of variation is defined as γ = σ/|µ|.

Theorem 3.1.1. Let (Xl) be a sequence of iid positive random variables with
a coefficient of variation γ < ∞. Let X be the corresponding k × l projection
matrix (k ≤ l) and let N denote a standard normal random variable.

(i) If k2/l → 0 then √
l

k

(
Per X

E Per X
− 1

)
d→ γN
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(ii) If k2/l → λ > 0 then

Per X

E Per X

d→ exp

(
γ
√

λN − λγ2

2

)

(iii) If k2/l → ∞ then no limit in distribution exists. That is, there exist no
sequences of real numbers (al) and (bl) such that al(Per X−bl) converges
in law to a non-degenerate random variable.

Proof. We only argue part (iii) as parts (i)-(ii) are special cases of Theo-
rem 3.4.3 which shall be discussed later on. Let us first state the following
auxiliary result regarding asymptotics of symmetric elementary polynomials
(cf. Example 1.4.1 part 2).

Lemma 3.1.1. Under the assumptions of Theorem 3.1.1 with σ2 = 1 let
k/l → 0 as l, k → ∞, then

√
l

⎡
⎣
((

l

k

)−1

Sl(k)

)1/k

− sl

⎤
⎦ d→ N

where sl is a sequence of positive numbers such that sl → µ.

The above lemma is stated without proof which may be found in the original
paper of Székely (1982). For the proof of the main result define now

Vl =
√

l

⎡

⎣
((

l

k

)−1

Sl(k)

)1/k

− sl

⎤

⎦

and note that in view of Lemma 3.1.1 the random variable Vl is asymptotically
standard normal. Since sl + Vl/

√
l ≥ 0, Taylor’s expansion (cf. also the proof

of Theorem 7.2.1 in Chapter 7), yields

(
l

k

)−1

Sl(k) = exp

{
k log

(
sl +

Vl√
l

)}
= sk

l exp

(
k Wl√

l

)
(3.1)

where Wl is asymptotically normal with zero mean and variance µ−2. Now,
consider

Zl = exp

(
k Wl√

l

)

and suppose that there exist sequences (al) and (bl) with al > 0 such that
al(Zl − bl) converges in distribution to some non-degenerate random variable
with a distribution function F . Then choose three continuity points u1, u2, u3
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of F such that 0 ≤ F (u1) < F (u2) < F (u3) ≤ 1. By the definition of Zl we
have for i = 1, 2, 3

lim
l

P ({al(Zl − bl) ≤ ui}) = lim
l

P

(
Wl ≤

√
lk−1 log

(
ui + albl

al

))
= F (ui).

Due to the uniform convergence of distribution functions in the central limit
theorem this implies in turn that

lim
l

√
l k−1

(
log

(
u2 + albl

al

)
− log

(
u1 + albl

al

))

=
1

µ

{
Φ−1(F (u2))) − Φ−1(F (u1))

}
> 0

and thus

lim
l

√
l k−1 log

(
u2 + albl

u1 + albl

)
> 0.

Since
√

l k−1 → 0 hence albl → −u1. But the same argument applied now to
u2 and u3 gives also albl → −u2 and thus leads to a contradiction. ⊓⊔

The above result indicates that the limiting behavior of the random per-
manent function depends heavily on the relationships between the dimensions
of the matrix. We shall examine this issue in detail further on. Before pro-
ceeding, we shall formulate and prove several background results.

3.2 Preliminaries

3.2.1 Limit Theorems for Exchangeable Random Variables

We start the discussion with a quick review of some results on the sequences
of exchangeable random variables. Recall that according to Definition 1.6.2
a sequence of random variables is exchangeable if the joint distribution of
its every finite subsequence is invariant under permutations. It follows that a
sequence of exchangeable random variables is always stationary.

Example 3.2.1 (Correlation). Consider the setting of Example 1.6.1 assuming
additionally that X1 ∈ L2(Ω,F , P ). Note that since the sequence (Xn) is
exchangeable it must have a common correlation coefficient ρ. Moreover,

ρ = Cov (X1, X2) =
E(X1 X2) − EX1 EX2

(V ar X1 V ar X2)1/2

=
E(Y1Y2 + Y Y1 + Y Y2 + Y 2) − (EY1 + EY ) (EY2 + EY )

V ar X1

=
EY 2 − (EY )2

V ar Y1 + V ar Y
=

V ar Y

V ar Y1 + V ar Y
.
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The above example motivates the consideration of bounds on the common
correlation coefficient. Assume Y1 . . . , Yn are exchangeable with some common
variance σ2 > 0 and common correlation coefficient ρ. Then

0 ≤ V ar (

n∑

i=1

Yi) =

n∑

i=1

V ar (Yi) +
∑

i�=j

Cov (Yi, Yj)

= σ2n(1 + (n − 1)ρ)

which yields the bounds on ρ

−1

n − 1
≤ ρ ≤ 1. (3.2)

Thus it follows that for an infinite sequence of exchangeable random variables
ρ has to be non-negative.

The basic result for exchangeable sequences is the celebrated de Finetti
theorem. We state it without proof which may be found for instance in Chow
and Teicher (1978, p. 226) or Taylor et al. (1985, chapter 2 p. 17)

Theorem 3.2.1 (de Finetti Theorem). For an infinite sequence of exchan-
geable random variables (Yn)n≥1 there exists a σ-algebra G such that

P (Y1 ≤ y1 . . . , Ym ≤ ym) =

∫ m∏

i=1

P (Yi ≤ yi|G) dP

for all y1, . . . , ym ∈ R and m ≥ 1. In the above we may take for G a tail
σ-algebra of the sequence (Yn). ⊓⊔

To illustrate the result let us consider a simple example.

Example 3.2.2 (Binary exchangeable sequence). Let (Yn)n≥1 be an exchange-
able sequence of variables taking values in {0, 1}. By the de Finetti theorem
above there exists a distribution function F concentrated on [0,1] such that

P (Y1 = 1, . . . , Yk = 1, Yk+1 = 0, . . . , Yn = 0) =

∫ 1

0

θk(1 − θ)n−kdF (θ).

Looking at the above relationship from the Bayesian statistics point of view,
the distribution F may be regarded as a Bayesian prior on the random param-
eter Θ. In fact given Θ = θ the variables Y1, Y2, . . ., are independent Bernoulli
variates with parameter θ and thus the above relationship clearly holds.

One of the immediate consequences of the de Finetti theorem is a version
of the central limit theorem for sums of exchangeable random variables. In
order to state the result we need to introduce an additional definition.
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Definition 3.2.1 (Mixture of normals). Let Φ be a cumulative distribution
function of a standard normal random variable. A random variable Z with
distribution function F is a mixture of (centered) normals if F satisfies

F (x) =

∫ ∞

0

Φ(x/σ)dG(σ), x ∈ R,

where G is a distribution function concentrated on [0,∞). When σ = 0 we put
Φ(x/σ) = I(x ≥ 0).

To clarify the above definition note that if Z is a random variable with dis-
tribution F as above, then Z is equal in distribution to a product of two
independent random variables η and N where N is a standard normal variate
and η has the distribution function G. Indeed, let i =

√
−1 and φ be the

standard normal density function and consider the characteristic function of
Z for t ∈ R

E exp(itZ) =

∫
exp(itx)dF (x) =

∫
exp(itx)d

(∫
Φ(x/σ)dG(σ)

)

=

∫
exp(itx)

∫
σ−1φ(x/σ)dG(σ)dx

=

∫ ∫
exp(itσx)φ(x)dx dG(σ) = E exp(itηN ).

Below we state the versions of a central limit theorem and of a law of large
numbers for the weighted sums of exchangeable random variables. For the
proof of the central limit theorem result, see Taylor et al. (1985, chapter 2).

Theorem 3.2.2 (CLT for exchangeable sequences). Let (Yn)n≥1 be
an infinite sequence of exchangeable random variables such that EY1 = 0,
0 < EX2

1 = σ2 < ∞ and Cov (Y1, Y2) = 0. Let [ank : 1 ≤ k ≤ kn, n ≥ 1] be a
triangular array of real constants. Assume that the following two conditions
hold:

(i) max1≤k≤kn |ank| → 0,

(ii)
∑kn

k=1 a2
nk → 1, as n → ∞.

Then
kn∑

k=1

ankYk
d→ Z,

as n → ∞ where the random variable Z is a mixture of normals. ⊓⊔
Theorem 3.2.3 (SLLN for exchangeable sequences). Let (Yn)n≥1 be an
infinite sequence of exchangeable random variables such that E|Y1| < ∞. Let
G be the tail σ-field of the sequence (Yn)n≥1. Then

1

n

n∑

k=1

Yk → E(Y1|G) a.s.

⊓⊔
For the proof see, e.g., Chow and Teicher (1978, chapter 7).
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3.2.2 Law of Large Numbers for Triangular Arrays

In addition to basic limiting results for sequences of exchangeable random vari-
ables in the sequel we shall also make use of some law of large numbers type
results for triangular arrays. Let us denote by {Ylk} for l ≥ 1, k = 1, . . . , l, an
arbitrary triangular array of real random variables and consider the following
conditions

(B1) supl
1
l

∑l
k=1 E |Ylk| = β < ∞

(B2) 1
l

∑l
k=1 E |Ylk|I{|Ylk| > cl} → 0 as l → ∞, where the sequence (cl)

satisfies cl → ∞ and cl/l → 0.

Theorem 3.2.4 (WLLN for triangular arrays). Let {Ylk} for l ≥ 1,
k = 1, . . . , l, be a triangular array of row-wise independent, integrable ran-
dom variables. If the conditions (B1)-(B2) are satisfied then as l → ∞

(i) 1
l

∑l
k=1(Ylk − E Ylk)

P→ 0

(ii) 1
lα

∑l
k=1 |Ylk|α P→ 0 for any α > 1.

Proof. For the proof of (i), let us consider the expression

1

l

l∑

k=1

(Ylk − E Ylk) =
1

l

l∑

k=1

(YlkI{|Ylk| ≤ cl} − E YlkI{|Ylk| ≤ cl})+

1

l

l∑

k=1

(YlkI{|Ylk| > cl} − E YlkI{|Ylk| > cl}) = (I) + (II) (3.3)

But in view of (B1) and (B2) the expressions (I) and (II) both converge
to zero in probability. Indeed, apropos (I), for any ε > 0

P

(∣∣∣∣∣
1

l

l∑

k=1

(YlkI{|Ylk| ≤ cl} − E YlkI{|Ylk| ≤ cl})
∣∣∣∣∣ > ε

)

≤ 1

ε2 l2

l∑

k=1

E Y 2
lkI{|Ylk| ≤ cl} ≤ cl

ε2 l
β → 0,

as l → ∞ in view of (B1) and cl/l → 0.
Similarly, apropos (II), for any ε > 0 we have

P

(∣∣∣∣∣
1

l

l∑

k=1

(YlkI{|Ylk| > cl} − E YlkI{|Ylk| > cl})
∣∣∣∣∣ > ε

)

≤ 2

l ε

l∑

k=1

E |Ylk|I{|Ylk| > cl} → 0,

as l → ∞, in view of the assumption (B2).
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For the proof of (ii), let us consider a decomposition similar to (3.3)

1

lα

l∑

k=1

|Ylk|α

=
1

lα

l∑

k=1

|Ylk|αI{|Ylk| ≤ cl} +
1

lα

l∑

k=1

|Ylk|αI{|Ylk| > cl} = (III) + (IV ).

Let ε > 0 be arbitrary. The expression (III) converges to zero in probability
in view of the inequality

P

(∣∣∣∣∣
1

lα

l∑

k=1

|Ylk|αI{|Ylk| ≤ cl}
∣∣∣∣∣ > ε

)
≤
(cl

l

)α−1 β

ε

and the expression (IV ) converges to zero in probability in view of

P

(∣∣∣∣∣
1

lα

l∑

k=1

|Ylk|αI{|Ylk| > cl}
∣∣∣∣∣ > ε

)
≤ P

(
l∑

k=1

|Ylk|
l

I{|Ylk| > cl} > ε1/α

)

≤ 1

ε1/α l

l∑

k=1

E |Ylk|I{|Ylk| > cl}

and the condition (B2). ⊓⊔

3.2.3 More on Elementary Symmetric Polynomials

In Chapter 1 we have defined an elementary symmetric polynomial Sl(c)
(cf. Example 1.4.1). Note that it can be written as Sl(c) = πc

l [h], where h
is defined by h(y1, . . . , yc) = y1 . . . . . . yc. For the sake of notational conve-
nience we also define Sl(0) ≡ 1 and take the sum in the definition of Sl(c)
to be zero whenever c > l. Elementary symmetric polynomials have several
interesting properties. For instance, for any l the polynomials Sl(c) satisfy the
following recursive relationship.

Lemma 3.2.1. For any 1 ≤ c ≤ l

c Sl(c) =

c−1∑

d=0

(−1)d Sl(c − d − 1)

(
l∑

k=1

yd+1
k

)
. (3.4)

Proof. Let us introduce an auxiliary polynomial Q(c, d) defined as

Q(c, d)

=
∑

1≤k1<...<kc≤l

yd
k1

· · · ykc +
∑

1≤k1<...<kc≤l

yk1y
d
k2

· · · ykc + . . . +
∑

1≤k1<...<kc≤l

yk1 · · · yd
kc

=

l∑

k=1

yd
k

⎛
⎝
∑

ki �=k

yk1 · · · ykc−1

⎞
⎠,
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where in the last expression the inner summation is taken over all possi-
ble choices of c − 1 distinct indices k1, . . . , kc−1 out of the set of indices
{1, 2, . . . , l}\{k}. From the definition of Q(c, d) it follows that for any pos-
itive integers 1 ≤ c ≤ l and d

Q(c, 1) = c Sl(c) and Q(1, d) =

l∑

k=1

yd
k, (3.5)

as well as that

Q(c, d) + Q(c − 1, d + 1) = Sl(c − 1)

(
l∑

k=1

yd
k

)
. (3.6)

Now, solving the recursion (3.6) for Q(c, 1) with the help of the identities (3.5)
we arrive at (3.4). ⊓⊔

The following concept of (monic) Hermité polynomials often arises naturally
in connection with the elementary symmetric polynomials.

Definition 3.2.2 (Hermité polynomials). The (monic) Hermité polyno-
mials (Hn) are defined by the formula

∀s,t

∞∑

n=0

tn

n!
Hn(s) = exp

(
st − t2

2

)
.

From the definition it follows that

Hn(s) =
dn

dtn

∣∣∣∣
t=0

exp

(
st − t2

2

)

which gives

H1(s) = s;

H2(s) = s2 − 1;

H3(s) = s3 − 3 s;

H4(s) = s4 − 6s2 + 3;

and so on. In fact, it can be also shown that

Hn+1(s) = s Hn(s) − n Hn−1(s). (3.7)

Other relations between Hermité polynomial include for instance

Hn(s) = (−1)n exp

(
s2

2

)
dn

dsn
exp

(
−s2

2

)
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and
d

ds
Hn(s) = n Hn−1(s).

However, the most important property of Hermité polynomial is that they
are orthogonal in the space L2(R,B, PN ) of all square integrable functions of
standard normal variable N . More precisely,

E[Hm(N )Hn(N )] =
1√
2π

∫
Hm(s)Hn(s) e−s2/2 ds =

{
0 if m �= n,

n! otherwise.

3.3 Limit Theorem for Elementary Symmetric

Polynomials

Of course the definition of elementary symmetric polynomials works for argu-
ments coming from an array of random variables as well. We state it for the
reference below. For an arbitrary triangular array {Ylk} (1 ≤ k ≤ l), of real
random variables a corresponding elementary symmetric polynomial statistic
of order c ≥ 1 is defined as

Sl(c) =
∑

1≤i1<...<ic≤l

Yl,i1 · · ·Yl,ic . (3.8)

We shall start with a result on the weak convergence of elementary sym-
metric polynomials based on triangular arrays of real random variables.

Theorem 3.3.1. Let {Ylk} be a triangular array of square integrable, row-
wise independent, real random variables such that E Ylk = 0 and

lim
l→∞

1

l
V ar

(
l∑

k=1

Ylk

)
= σ2 > 0,

satisfying additionally the Lindeberg condition

(LC) ∀ε>0
1
l

∑l
k=1 E Y 2

lk I{|Ylk| > σ
√

l ε} → 0 as l → ∞.

Then, for any integer c ≥ 1,

[
Sl(1)

l1/2 , Sl(2)

l2/2 , . . . , Sl(c)

lc/2

]T d→
[

σ H1(N )
1 ! , σ2 H2(N )

2 ! , . . . , σc Hc(N )
c !

]T
(3.9)

where Hc is the Hermité polynomial of order c and N is a standard normal
random variable.
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Proof. Let us assume (without loosing generality) that σ2 = 1. We shall prove
the above result by induction with respect to c. For c = 1 the result is just
the classical CLT (see Corollary 4.3.1) since we have assumed the required
condition (LC) and since H1(N ) = N . Hence

Sl(1)

l1/2

d→ H1(N ) (3.10)

Let us assume thus that (3.9) holds true for all integers i = 1, . . . , c − 1 and
define a (c − 1)-dimensional vector

Y
(l)
c =

[∑
Y 2

lk

l2/2
,

∑
Y 3

lk

l3/2
, . . . ,

∑
Y c

lk

lc/2

]T

.

First, let us note that by taking Xlk = Y 2
lk we obtain the row-wise independent

random array satisfying the conditions (B1)-(B2) of the Theorem 3.2.4 with
β = 1 and cl =

√
l. Thus,

Y
(l)
c

P→ [1, 0, . . . , 0]T as l → ∞. (3.11)

But (3.10) along with (3.11) imply that (cf. e.g., Billingsley 1999, Chap. 1)

the vector
[
Sl(1)/

√
l, Y

(l)
c

]T
converges weakly to the corresponding limit. On

the other hand, by (3.4) we have that for i = 1, . . . , c − 1

l−i/2 Sl(i) = Gi

(
Sl(1)

l1/2
, Y(l)

c

)

where the continuous function Gi (known as the Waring function) depends
only upon i but not upon l. This and the induction hypothesis imply

⎡
⎢⎢⎢⎢⎢⎢⎣

Sl(1)

l1/2

...
Sl(c−1)
l(c−1)/2

Sl(c)
lc/2

⎤
⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

G1

(
S(1)
l1/2 , Y

(l)
c

)

...

Gc−1

(
S(1)
l1/2 , Y

(l)
c

)

Gc

(
Sl(1)
l1/2 , Y

(l)
c

)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

d→

⎡
⎢⎢⎢⎢⎢⎣

H1(N )/1 !
...

Hc−1(N )/(c − 1) !

Bc

⎤
⎥⎥⎥⎥⎥⎦

(3.12)

for some random variable Bc. Hence, in order to arrive at (3.9), we need only
to identify Bc. To this end, using formula (3.4) we write

Sl(c)

lc/2
=

1

c

[
Sl(c − 1)

l(c−1)/2

Sl(1)

l1/2
− Sl(c − 2)

l(c−2)/2

∑l
k=1 Y 2

lk

l

]
+ Ac.

By (3.11) and (3.12), the first part of the above right hand side converges to

Hc−1(N )N − (c − 1)Hc−2(N )

c!
=

Hc(N )

c !
,
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in view of the recurrence relation for Hermité polynomials given by (3.7). For
the reminder term Ac, we have

Ac =
1

c

c−1∑

d=2

(−1)d Sl(c − 1 − d)

l(c−1−d)/2

(
l∑

k=1

Y
2(d+1)/2
lk

l(d+1)/2

)
P→ 0

since the expressions in paranthesis converges in probability to zero (by The-
orem 3.2.4) and the random coefficients standing in front of each of these
expressions converge in distribution due to the induction assumption. The
above implies that Bc = Hc(N )/c !, which entails (3.9). ⊓⊔

The result above implies in particular that

S(c)

lc/2

d→ Hc(N )

c !
,

which is a result derived in Teicher (1988) and a special case of the quite
general limit theorem for U -statistics based on arrays of random variables of
Rubin and Vitale (1980). We shall consider a more general version of that
result later on.

3.4 Limit Theorems for Random Permanents

Having established the results on elementary symmetric polynomials in the
previous sections, let us turn to the problem of weak convergence of random
permanents. For convenience we briefly recap the basic notions and notation
introduced in Chapter 2. As before we (for now) assume that X (m,n) = [Xij ]
is an m × n (m ≤ n) real random matrix of square integrable components
coming from X (∞) which satisfies the exchangeability conditions (A1-A2).
Clearly, under these assumptions all entries of the matrix X are identically
distributed although not necessarily independent. For i, k = 1, . . . , m and
j = 1, . . . , n we denote µ = E Xij , σ2 = V ar Xij and ρ = Corr(Xkj , Xij) > 0
(see (3.2)). In what follows, we shall always assume that µ �= 0 and we shall
also denote by γ = σ/|µ| the coefficient of variation.

The major tool of the investigation shall be the orthogonal decomposition
described in Example 2.2.1. Recall that

Per X (m,n)

(
n
m

)
m!µm

= 1 +

m∑

c=1

(
m

c

)
U (m,n)

c , (3.13)

where

U (m,n)
c =

(
n

c

)−1(
m

c

)−1

c!−1 PerX̃ (c|c),
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for X̃
∞

= [Xij/µ − 1]. Moreover, from Theorem 2.3.1 and Example 2.3.1 we
know that under the assumptions on the entries of X (∞) the random variables

U
(m,n)
c above for c = 1, 2 . . . , m, are orthogonal, i.e.

Cov
(
U (m,n)

c1
, U (m,n)

c2

)
= 0 for c1 �= c2 (3.14)

with the variance

V ar U (m,n)
c =

(
n

c

)−1(
m

c

)−1

γ2c
c∑

r=0

(
m − r

c − r

)
ρc−r(1 − ρ)r

r!
. (3.15)

Let us note that when ρ = 1 then X (∞) = X and Per X
(m,n)

(n
m)m!µm

reduces to a

P -statistic with the kernel as in Example 2.2.1, that is, a normalized elemen-
tary symmetric polynomial in variables Xi/µ.

For any c and suitably large m and n denote

Wc(n) =

(
n

c

)(
m

c

)
c! U (m,n)

c = Per X̃ (c|c)

=
∑

1≤i1<...<ic≤m

∑

1≤j1<...<jc≤n

Per X̃ (i1, . . . , ic|j1, . . . , jc).

The following results describes the asymptotic behavior of Wc(n) which is the
key to investigating the asymptotic behavior of the decomposition (3.13).

Theorem 3.4.1. Let c be an arbitrary positive integer. Assume that m =
mn → ∞ as n → ∞.

If ρ = 0 then

[
W1(n)
(
√

nm)
, . . . , Wc(n)

(
√

nm)c

]T d→
[

γ
1! H1(N ), . . . , γc

c! Hc(N )
]T

,

If ρ > 0 then

[
W1(n)√

nm
, . . . , Wc(n)

(
√

nm)c

]T d→
[

γρ1/2

1! H1(N ), . . . , γcρc/2

c! Hc(N )
]T

.

Proof. Consider first the case ρ = 0. Define for an arbitrary fixed positive
integer c

Vc(n) = n−c/2
∑

1≤j1<...<jc≤n

Yn,j1 . . . Yn,jc ,

where

Yn,j =
1√
m

m∑

i=1

X̃ij ,

j = 1, 2, . . . , n. Here the first subscript indicates the dependence on n through
m = m(n). Observe that Vc(n) is just an elementary symmetric polynomial
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in independent identically distributed random variables which are column

sums of the matrix X̃
(m,n)

normalized by
√

m. Thus, E(Y 2
n,1) = γ2 and we

may use the result on the convergence of elementary symmetric polynomials
for the row-wise independent identically distributed double arrays of square
integrable random variables given in Theorem 3.3.1 to conclude that

[V1(n), . . . , Vc(n)]T
d→
[

γ

1!
H1(N ), . . . ,

γc

c!
Hc(N )

]T

as long as the following version of the Lindeberg condition holds:

E (Y 2
n,1I(|Yn,1| >

√
nε)) → 0,

for any ε > 0 as n → ∞. To prove that the condition is satisfied observe first
that

E (Y 2
n,1I(|Yn,1| >

√
nε)) ≤ sup

k≥1
E (Y 2

k,1I(Y 2
k,1 > nε2)).

Consequently, it suffices to show that the sequence of random variables
(Y 2

k,1)k≥1 is uniformly integrable, that is

lim
α→∞

sup
k≥1

E (Y 2
k,1I(Y 2

k,1 > α)) = 0.

To this end, let us observe the following.

(i) By the de Finetti theorem (Theorem 3.2.1) and the central limit theo-
rem for exchangeable sequences (Theorem 3.2.2) along with the fact that
continuous mappings preserve weak convergence, it follows that Y 2

k,1 con-

verges in distribution to E (X̃2
1,1|G)N 2, where G is the tail σ-field for the

exchangeable sequence (X̃i,1)i≥1, and N is a standard normal random
variable independent of G, and

(ii) E (E (X̃2
1,1|G)N 2) = E (X̃2

1,1) = γ2 which, on the other hand equals
E (Y 2

k,1) for any k ≥ 1.

Finally, using the result of Lemma 3.4.1 below we conclude that the sequence
{Y 2

k,1}k≥1 is uniformly integrable since it converges in distribution and the
corresponding sequence of expectations (all being equal) also converges to the
suitable limit.

Observe that for any k = 1, . . . , c

Wk(n)

(
√

nm)k
= Vk(n) +

Rk(n)

(
√

mn)k
,

where Rk(n) is a sum of different products X̃i1,j1 . . . X̃ik,jk
such that 1 ≤

j1 < . . . jk ≤ n, (i1, . . . , ik) ∈ {1, . . . , m}k and at least one of i1, . . . , ik in the
sequence (i1, . . . , ik) repeats.

Using the fact that Rk(n) is a sum of orthogonal products (observe that the
covariance of any two of such different products equals zero since the columns
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are independent and elements in each column have zero correlation) and that
the variance of any of such single product equals γ2k while the number of
products in Rk(n) equals

(
n
k

)
(mk −

(
m
k

)
k!) we obtain

V ar

(
Rk(n)

(
√

nm)k

)
= γ2

(
n
k

)
(mk −

(
m
k

)
k!)

nkmk
≤ γ2

k!

mk −
(
m
k

)
k!

mk
= O(1/m) → 0,

as n → ∞ (since the numerator is of order mk−1 while the denominator is of
the order mk).

Consequently, for ρ > 0 the assertion of the proposition follows.

Now, let us consider the case ρ > 0. Similarly as above, let us define

Vc(n) = n−c/2
∑

1≤j1<...<jc≤n

Yn,j1 . . . Yn,jc ,

where

Yn,j =
1

m

m∑

i=1

X̃ij ,

j = 1, 2, . . . , n.
Similarly as in the first case, we will show that the sequence (Y 2

k,1)k≥1 is
uniformly integrable. To this end we observe first that by a version of law of
large numbers for exchangeable sequences (Theorem 3.6.3) it follows that as
k → ∞

Y 2
k,1

d→ E2(X̃1,1|G),

where G is the tail σ-field. Further, by the de Finetti theorem (Theorem 3.2.1)
we have

E(E2(X̃1,1|G)) = E(E(X̃1,1|G)E(X̃2,1|G)) = E(E(X̃1,2X̃2,1|F))

= E(X̃1,1X̃1,2) = ργ2.

Also,

E(Y 2
k,1) =

1

m2
[mγ2 + m(m − 1)ργ2] → ργ2, k → ∞

since m = m(k) → ∞. Thus, the sequence (Y 2
k,1) is uniformly integrable and

the Lindeberg condition of Theorem 3.3.1 is satisfied.
This allows us to conclude that

[V1(n), . . . , Vc(n)]T
d→
[
(
√

ργ)1

1!
H1(N ), . . . ,

(
√

ργ)c

c!
Hc(N )

]T

.

Similarly to the first case, for any k = 1, . . . , c, we have

Wk(n)

mk(
√

n)k
= Vk(n) +

Rk(n)

mk(
√

n)k
.
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However, this time some of the elements of Rk(n) are correlated - this is true
for pairs of products originating from exactly the same columns; if at least
one column in the pair of products is different then their correlation is zero.
Consequently,

V ar

(
Rk(n)

mk
√

n
k

)
=

1

m2knk

∑

1≤j1<...jk≤n

V ar (Rj1,...,jk
(n))

=

(
n
k

)

m2knk
V ar (R1,...,k(n)),

where Rj1,...,jk
(n) denotes the sum of respective products arising from the

columns j1, . . . , jk. Since

|Cov(X̃i1,j1 . . . X̃ik,jk
, X̃l1,j1 . . . X̃lk,jk

)| ≤ γ2k

for any choices of rows (i1, . . . , ik) and (l1, . . . , lk), we conclude that

V ar (R1,...,k(n)) <

(
mk −

(
m

k

)
k!

)2

γ2k.

Hence, it follows that

V ar

(
Rk(n)

mk(
√

n)k

)
<

(
n
k

)
(mk −

(
m
k

)
k!)2γ2k

m2knk
<

γ2

k!

(mk −
(
m
k

)
k!)2

m2k
→ 0

as n → ∞. Consequently,
Rk(n)

nc/2mc

P→ 0

and the assertion of the proposition for ρ > 0 follows. The proof of the result
is thus complete as soon as we argue the assertion of Lemma 3.4.1. ⊓⊔

Lemma 3.4.1. Suppose that the sequence (Yn) of positive integrable random

variables satisfies Yn
d→ Y as n → ∞ as well as EYn → EY as n → ∞

for some integrable random variable Y . Then the sequence Yn is uniformly
integrable.

Proof. Consider

EYn =

∫ α

0

P (t < Yn < α) dt +

∫

Yn≥α

YndP

EY =

∫ α

0

P (t < Y < α) dt +

∫

Y ≥α

Y dP.
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By the hypothesis of the lemma for α such that P (Y = α) = 0 we have

∫

Yn≥α

YndP →
∫

Y ≥α

Y dP as n → ∞.

Thus for any ε > 0 with sufficiently large α and n0 for all n > n0 we must
have ∫

Yn≥α

YndP < ε.

Now, we may still increase α to ensure that max1≤n≤n0

∫
Yn≥α YndP < ε which

implies that for sufficiently large α

sup
n

∫

Yn≥α

YndP < ε

and the result follows. ⊓⊔

The application of the martingale decomposition (3.13) along with Theo-
rem 3.4.1 from the previous sections allow us to finally formulate main results
for the asymptotic behavior of random permanents. We state them in Theo-
rems 3.4.2 and 3.4.3 below, covering the cases ρ = 0 and ρ > 0, respectively.
The first result incorporates the case of all-independent and identically dis-
tributed entries of X (∞). The second one treats, among others, the case of a
one dimensional projection matrix (ρ = 1).

Theorem 3.4.2. Assume that ρ = 0.
If m/n → λ > 0 as n → ∞ then

Per (X (m,n))(
n
m

)
m!µm

d→ exp

(√
λγN − λγ2

2

)
.

If m/n → 0 and m = mn → ∞ as n → ∞ then

√
n

m

(
Per (X (m,n))(

n
m

)
m!µm

− 1

)
d→ γN . (3.16)

Proof. Consider first the case λ > 0. For any n and any N such that N < mn

denote

SN,n = 1 +

N∑

c=1

(
m

c

)
U (m,n)

c = 1 +

N∑

c=1

Wc(n)(
n
c

)
c!

= 1 +

N∑

c=1

(
√

nm)c

(
n
c

)
c!

Wc(n)

(
√

nm)c
.

Observe that by the first assertion of Proposition 3.4.1 we have that

SN,n
d→ GN =

N∑

c=0

(λγ2)c/2

c!
Hc(N ),
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as n → ∞, since for any c = 1, 2, . . .

(
√

nm)c

(
n
c

)
c!

→
√

λ.

Let us define also

TN,n =

mn∑

c=N+1

(
m

c

)
U (m,n)

c .

and observe that since U
(m,n)
c are orthogonal then

V ar (TN,n) =

mn∑

c=N+1

(
m
c

)
(
n
c

)
c!

γ2c ≤
∞∑

c=N+1

γ2c

c!
= aN ,

and aN → 0 as N → ∞. Consequently, for Zn = Per (X (m,n))

(n
m)m!µm

we have for any

ε > 0

P (Zn ≤ x) = P (SN,n + TN,n ≤ x)

≤ P (SN,n ≤ x + ε, |TN,n| ≤ ε) + P (|TN,n| > ε)

≤ P (SN,n ≤ x + ε) + P (|TN,n| > ε).

On the other hand,

P (Zn ≤ x) ≥ P (SN,n ≤ x−ε, |TN,n| ≤ ε) ≥ P (SN,n ≤ x−ε)−P (|TN,n| > ε).

Thus, for any x ∈ R and any ε > 0 we obtain the double inequality

P (SN,n ≤ x − ε) − P (|TN,n| > ε) ≤ P (Zn ≤ x) ≤ P (SN,n ≤ x + ε)

+ P (|TN,n| > ε).

Hence, by the Tchebyshev inequality it follows that

P (SN,n ≤ x − ε) − aN/ε2 ≤ P (Zn ≤ x) ≤ P (SN,n ≤ x + ε) + aN/ε2.

Taking the limit as n → ∞ we obtain

P (GN ≤ x − ε) − aN/ε2 ≤ lim
n→∞

P (Zn ≤ x) ≤ P (GN ≤ x + ε) + aN/ε2.

But aN → 0 and GN converges almost surely to G∞ = exp(
√

λγN−λγ2/2) as
N → ∞ since by the definition of Hermité polynomials (see, Definition 3.2.2)

exp

(√
λγN − λγ2

2

)
=

∞∑

c=0

(λγ2)c/2

c!
Hc(N ).
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Hence, for any ε > 0

P (G∞ ≤ x − ε) ≤ lim
n→∞

P (Zn ≤ x) ≤ P (G∞ ≤ x + ε).

Consequently, Zn converges in distribution to G∞, which completes the case
λ > 0.

For the proof in the case λ = 0, let us write

√
n

m

(
Per (X )(
n
m

)
m!µm

− 1

)
=

√
n

m

(
m

1

)
U

(m,n)
1 + Rm,n =

W1(n)√
nm

+ Rm,n,

where

Rm,n =

√
n

m

m∑

c=2

(
m

c

)
U (m,n)

c .

Observe that Rm,n converges in probability to zero, since by (3.15) it follows
that

V ar Rm,n =
n

m

m∑

c=2

(
m
c

)
γ2c

(
n
c

)
c!

≤ m

n
exp(γ2) → 0.

Hence, the result follows by Theorem 3.4.1 for m = mn → ∞.

As an example of an application of this result consider

Example 3.4.1 (Asymptotics for the number of perfect matchings). Let X be
a matrix of independent Bernoulli variables with probability of success p.
Consider a number of perfect matchings H(G, X ) in an undirected bipartite
random graph G = (V1, V2; E) as described in Example 1.3.1. Observe that
in the notation of this chapter, for the Bernoulli random variables Xij we

have µ = p ∈ (0, 1), γ =
√

(1 − p)/p, and H(G, X (m,n)) = Per X (m,n). From
Theorem 3.4.3 it follows that if n, m → ∞ and m/n → λ > 0 then

H(G, X (m,n))(
n
m

)
m!pm

d→ exp

(√
λγN − λγ2

2

)
.

On the other hand, if n − m → ∞ and m/n → 0 then,

√
mp

n(1 − p)

(
H(G, X (m,n))(

n
m

)
m!pm

− 1

)
d→ N .

In the case m = n the first of the above relations has been first noted, in a
slightly different form, by Janson (1994).

Our second result on the convergence of random permanents treats the
case ρ > 0 and, in particular, for ρ = 1 specializes to the parts (i)–(ii) of the
Theorem 3.1.1.



3.4 Limit Theorems for Random Permanents 53

Theorem 3.4.3. Assume that ρ > 0.
If m2/n → λ > 0 as n → ∞ then

Per (X (m,n))(
n
m

)
m!µm

d→ exp

(√
λρ γN − λργ2

2

)
. (3.17)

If m2/n → λ = 0 and m = mn → ∞ as n → ∞ then

√
n

m

(
Per (X (m,n))(

n
m

)
m!µm

− 1

)
d→ √

ρ γN . (3.18)

Proof. As before, let us first consider the case λ > 0. Then for any N and any
n such that N < mn denote

SN,n = 1 +
N∑

c=1

(
m

c

)
U (m,n)

c = 1 +
N∑

c=1

(
√

nm)c

(
n
c

)
c!

Wc(n)

(
√

nm)c
.

Observe that by the second assertion of Theorem 3.4.1 we have that

SN,n
d→ GN =

N∑

c=0

(λργ2)c/2

c!
Hc(N ),

as n → ∞, since for any c = 1, 2, . . .

(
√

nm)c

(
n
c

)
c!

→
√

λ.

Let us define also

TN,n =

mn∑

c=N+1

(
m

c

)
U (m,n)

c .

Since U
(m,n)
c are orthogonal, then by (3.15)

V ar (TN,n) =

mn∑

c=N+2

(
m
c

)
γ2c

(
n
c

)
c∑

r=0

(
m − r

c − r

)
ρc−r(1 − ρ)r

r!

The inner sum above is majorized by

(
m

c

) c∑

r=0

1

r!
(1 − ρ)rρc−r ≤

(
m

c

)
e

since 0 < ρ ≤ 1. Thus

V ar (TN,n) ≤
mn∑

c=N+1

(
m
c

)2
(
n
c

) γ2c
c∑

r=0

1

r!
≤ e

∞∑

c=N+1

(
m2

n

)c
γ2c

c!
.
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The last inequality holds true in view of

c!

(
m
c

)2
(
n
c

) ≤
(

m2

n

)c

which follows from the inequality

(m − r)2

n − r
≤ m2

n

valid for 0 ≤ r ≤ m ≤ n. Thus for n sufficiently large

V ar (TN,n) ≤ e

∞∑

c=N+1

(
2λγ2

)c

c!
= aN

and aN → 0 as N → ∞.
The final part of the proof follows now exactly along the lines of the proof

of Theorem 3.4.2 with γ2 replaced by ργ2. This completes the case λ > 0.
For the case λ = 0, let us write

√
n

m

(
Per (X )(
n
m

)
m!µm

− 1

)
=

√
n

m

(
m

1

)
U

(m,n)
1 + Rm,n =

W1(n)√
nm

+ Rm,n,

where

Rm,n =

√
n

m

m∑

c=2

(
m

c

)
U (m,n)

c .

We will prove that Rm,n converges in probability to zero. To this end note
that starting from (3.15), similarly as above, we get

V ar Rm,n =
n

m2

m∑

c=2

(
m
c

)
γ2c

(
n
c

)
c∑

r=0

1

r!

(
m − r

c − r

)
(1 − ρ)rρc−r

≤ e
m2

n

m∑

c=2

γ2c

c!
≤ e1+γ2 m2

n
.

Hence V ar Rm,n → 0, as m2/n → 0 by the assumption, and the result follows
via the Tchebychev inequality.

Thus, the final result follows by the second part of Theorem 3.4.1 since we
assume m = mn → ∞. ⊓⊔

In the hypothesis of second parts of Theorem 3.4.2 and 3.4.3 we have
required the permanents to be of infinite order, that is, that mn → ∞ as
n → ∞. However, note that this restriction in not necessary and the (slightly
modified) conclusion of Theorem 3.4.2 and 3.4.3 remains valid for m being
a fixed constant. Indeed, note that the conclusions of Theorem 3.4.1 remain
true also for a constant m. This follows in view of the two facts related to the



3.5 Additional Central Limit Theorems 55

proof of Theorem 3.4.1. Namely, if m is constant then the Lindeberg condition
(LC) is trivially satisfied and the remainder term Rn vanishes, i.e. the properly
normalized W1(n) simply equals V1(n). Consequently, the reasoning similar
to the one given in the proof of Theorem 3.4.3 yields

√
n

m

(
Per X (m,n)

(
n
m

)
m! µm

− 1

)
d→ τN ,

where τ2 = (ρ + (1 − ρ)/m)γ2. Similar argument also applies to the The-
orem 3.4.2. In this case ρ = 0 and the assertion of the theorem remains
unchanged for m being a fixed constant. Note that for m = 1 the result is
simply a classical central limit theorem (see, Corollary 4.3.1).

3.5 Additional Central Limit Theorems

In the previous section we have proved limit theorems for permanents under
the column-exchangeability and column-independence assumptions (A1-A2)
imposed on X (∞). The first of these assumptions allowed us to utilize some
powerful results from the theory of exchangeable random variables like CLT
and SLLN for exchangeable sequences. However, under many circumstances
it is not necessary to require column-exchangeability in order to prove asymp-
totic results for permanents. In this section for the purpose of illustration
we present two CLT for permanents without requiring the column random
sequences X(1), . . . , X(m) of X (∞) to be exchangeable. Instead we assume a
weaker condition that the columns have a homogeneous correlation structure,
that is for any i1 �= i2 the correlation corr(Xi1,j , Xi2,j) = ρ is constant. The
condition (A2) remains valid, i.e. we still assume identical distributions and
independence for the column random sequences X(1), . . . , X(m) of X (∞).

Under these modified assumptions on X (∞) we present two versions of a
permanent CLT dealing with the case when ρ > 0 and ρ = 0, respectively.
As a trade-off, however, we shall need some additional hypothesis on the
moments of the underlying probability law. It is important to emphasize that
the formulas for the variances of Per h(X (m,n)) derived for X (∞) satisfying
both (A1) and (A2) still remain valid.

In Theorem 3.5.1 below, we consider the case ρ > 0. Indeed, a brief inspec-
tion of the proof reveals that in the case ρ = 1 or m being a fixed constant
independent of n the result holds true as long as 0 < σ2 < ∞. Let us also
note that the theorem remains valid if we assume only that E |X11|2+δ < ∞
for some 0 < δ ≤ 1 but strengthen the assumptions on the rates of m and n
to m2/nδ → 0. It seems, however, that in general the assumption of the exis-
tence of a higher moment cannot be removed without the row-exchangeability
requirement.



56 3 Asymptotics for Random Permanents

Theorem 3.5.1. Assume that E |X11|3 <∞, µ �=0 and ρ∈ (0, 1]. If m2/n→ 0
then √

n

m

(
Per X (m,n)

(
n
m

)
m! µm

− 1

)
d→ τ N ,

where τ2 = ργ2 if m → ∞ and τ2 = (ρ + (1 − ρ)/m)γ2 for constant m.

Proof. Without any loss of generality we assume that µ = 1. By (3.13) we
may write √

n

m

(
Per X (m,n)

(
n
m

)
m!

− 1

)
=

√
n

m

m∑

c=1

(
m

c

)
U (m,n)

c .

First, note that by the argument identical to that used in the proof of
Theorem 3.4.3

Rm,n =

√
n

m

m∑

c=2

(
m

c

)
U (m,n)

c
P→ 0.

Consequently, we need only to show that

√
n

m

(
m

1

)
U

(m,n)
1 =

1

m
√

n

m∑

i=1

n∑

j=1

X̃ij =
1√
n

n∑

j=1

Y
(m)
j

d→ τ N ,

where Y
(m)
j =

∑m
i=1 X̃ij/m, j = 1, . . . , n. Let us consider an arbitrary

sequence (mn) such that m2
n/n → 0, as n → ∞, and denote Ynj = Y

(mn)
j /

√
n,

j = 1, . . . , n. Due to the structure of the matrix X (∞) the triangular array
(Ynj) is row-wise independent and identically distributed. Furthermore, the
entries of the array have zero means. Hence, by CLT for the row-wise inde-
pendent triangular arrays, it suffices to show that

(i )
∑n

j=1 V ar Ynj → C > 0,

(ii )
∑n

j=1 E Y 2
nj I(|Ynj | > ε) → 0 ∀ ε > 0.

Note that
∑n

j=1 V ar Ynj = (ρ + (1 − ρ)/mn)σ2 → τ2 and hence (i ) fol-
lows immediately. In order to check the Lindeberg condition (ii ) we use
Lemma 3.5.1 (see below) obtaining for any ε > 0

n∑

j=1

E Y 2
nj I(|Ynj | > ε)

= m−2
n E (X̃11 + . . . + X̃mn1)

2I(|X̃11 + . . . + X̃m1| > mn

√
nε)

≤ 1 + 4(mn − 1)2

mn
E X̃2

11I(|X̃11| >
√

nε)

≤ 1 + 4(mn − 1)2

mn
√

nε
E |X̃11|3 → 0.

⊓⊔
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Our next result establishes CLT for random permanents in the case when
the column entries are uncorrelated. Similarly as in Theorem 3.5.1 here also
one can somewhat relax the moment assumptions and require only that
E |X11|2+δ < ∞ for some δ > 0, as long as it is true that m2+δ/nδ → 0.
It is perhaps somewhat surprising that apparently without assuming further
structure of the joint distribution of the row vectors of X (∞) one cannot elim-
inate these additional assumptions.

Theorem 3.5.2. Assume that E X4
11 < ∞, µ �= 0, 0 < γ < ∞ and ρ = 0.

If m3/n → 0 then

√
n

m

(
Per X (m,n)

(
n
m

)
m! µm

− 1

)
d→ γ N .

Proof. As in the proof of Theorem 3.5.1 we assume, without loss of generality
that µ = 1. Now again by (3.13) we have

√
n

m

(
Per X(

n
m

)
m!

− 1

)
=

√
n

m

(
m

1

)
U

(m,n)
1 + Rm,n,

where

Rm,n =

√
n

m

m∑

c=2

(
m

c

)
U (m,n)

c .

We show first that Rm,n tends to zero in probability. To this end observe
that by (3.14), (3.15) and the fact that

(
m
c

)
/
(
n
c

)
≤ (m/n)c, (1 ≤ c ≤ m ≤ n),

it follows that (taking n large enough to have m/n ≤ 1)

V ar Rm,n =
n

m

m∑

c=2

(
m
c

)
γ2c

(
n
c

)
c!

≤ m

n
exp(γ2) → 0,

and hence Rm,n → 0 in probability, in view of the Tchebychev inequality.
Secondly, we will show that

√
n

m

(
m

1

)
U

(m,n)
1 =

1√
mn

m∑

i=1

n∑

j=1

X̃ij =
1√
n

n∑

j=1

Y
(m)
j

d→ γN .

where Y
(m)
j =

∑m
i=1 X̃ij/

√
m, j = 1, . . . , n. As in the proof of Theorem 3.5.1

let us again consider an arbitrary sequence (mn) such that m3
n/n → 0, as

n → ∞, and denote Ynj = Y
(mn)
j /

√
n, j = 1, . . . , n. Again, due to the

structure of the matrix X the triangular array (Ynj) is row-wise independent
and identically distributed. Furthermore, the entries of the array have zero
means. Hence to complete the proof we may again use the CLT for rowwise
independent triangular arrays. Since now

∑n
j=1 V ar Ynj = γ2 we need only
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to verify the Lindeberg condition. By Lemma 3.5.1 below it follows that for
any ε > 0

n∑

j=1

E Y 2
nj I(|Ynj | > ε)

= m−1
n E (X̃11 + . . . + X̃mn1)

2I(|X̃11 + . . . + X̃mn1| >
√

mnn ε)

≤ (1 + 4(mn − 1)2)E X̃2
11I(|X̃11| >

√
n/mn ε)

≤ (1 + 4(mn − 1)2)mn

n
E |X̃11|4 → 0

since m3/n → 0. The proof is thus completed as soon as the result of
Lemma 3.5.1 is justified. ⊓⊔
Lemma 3.5.1. Let (X1, . . . , Xn) be a random vector with square integrable,
identically distributed components. Then for any a > 0

E (X1+. . .+Xn)2I(|X1+. . .+Xn| > a) ≤ n(1+4(n−1)2)E X2
1I(|X1| > a/n).

Proof. Observe that

E (X1 + . . . + Xn)2 I(|X1 + . . . + Xn| > a)

≤
n∑

i=1

E (X1 + . . . + Xn)2 I(|Xi| > a/n)

=

n∑

i=1

(
E X2

i I(|Xi| > a/n) +

n∑

j �=i

E X2
j I(|Xi| > a/n)

+

n∑

j �=i

E XiXj I(|Xi| > a/n) +
∑

1 ≤ j < k ≤ n
j �= i �= k

E XjXk I(|Xi| > a/n)

)
.

(3.19)

But for any X, Y, Z identically distributed, square integrable random variables
and any positive b we have

E X2 I(|Z| > b)

= E X2I(|X | > b)I(|Z| > b) + E X2I(|X | ≤ b)I(|Z| > b)

≤ E X2I(|X | > b) + E Z2I(|Z| > b)

= 2 E X2I(|X | > b),

Similarly, but additionally using the Cauchy-Schwartz, inequality we get

E |XZ| I(|Z| > b)

= E |XZ| I(|X | > b)I(|Z| > b) + E |XZ| I(|X | ≤ b)I(|Z| > b)

≤
√

E X2I(|X | > b)E Z2I(|Z| > b) + E Z2I(|Z| > b)

= 2 E X2I(|X | > b).
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Now, by the above inequality, it follows also that

E |XY | I(|Z| > b)

= E |XY | I(|X | > b)I(|Z| > b) + E |XY | I(|X | ≤ b)I(|Z| > b)

≤ E |XY | I(|X | > b) + E |ZY | I(|Z| > b)

≤ 4 E X2I(|X | > b).

Finally, applying the above three inequalities to the right hand side of (3.19)
we get

E (X1 + . . . + Xn)2 I(|X1 + . . . + Xn| > a)

≤ n[E X2
1 I(|X1| > a/n) + 2(n − 1)E X2

1 I(|X1| > a/n)

+ 2(n − 1)E X2
1 I(|X1| > a/n) + 4(n − 1)(n − 2)E X2

1 I(|X1| > a/n)]

= n(1 + 4(n − 1)2)E X2
1 I(|X1| > a/n)

which gives the required inequality. ⊓⊔

3.6 Strong Laws of Large Numbers

By virtue of the decomposition (3.13) derived in Chapter 2 we may represent
a random permanent as a sums of uncorrelated backward martingales . This
is helpful for analyzing asymptotic behavior, as it turns out that the reverse
martingales have particularly nice convergence properties. For instance, for
the discrete martingales (T = 0, 1, . . .) we have the following.

Theorem 3.6.1. Let (Yt)t=0,1,... be a backward martingale adopted to a decreas-
ing sequence (Ft)t=0,1,... of σ-fields (sub-σ-fields of F) and let F∞ =

⋂∞
t=0 Ft.

Then Yt converges almost surely and in L1 to E(Y1|F∞). ⊓⊔
The proof of this theorem may be found in any standard general textbook
on martingale theory (see, e.g. Chow and Teicher, 1978, chapter 7). As an
example of its applicability let us consider the following.

Lemma 3.6.1 (SLLN for classical U-statistics). Let k be a given positive

integer. Consider a sequence of U -statistics U
(k)
l (h), l = k, k +1, . . . , with the

fixed kernel h. If E|h| < ∞ then

U
(k)
l (h) → Eh a.s. as l → ∞.

Proof. We shall use the H-decomposition (1.15). Since k is fixed the result
will follow if we argue that Uc,l → 0 as l → ∞ for each c = 1, . . . , k. To this
end note that it follows from Theorem 2.2.2 (for X = X, mn ≡ k and n = l)
that for each c = 1, . . . , k the variables Uc,l, l = c, c + 1, . . . form backward
martingale sequence with respect to the σ-field Fc,l = σ{Uc,l, Uc,l+1, . . .}.
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Thus there exists a random variable Xc which is measurable with respect to
the σ-field F∞ =

⋂∞
s=c Fc,s such that as l → ∞

Uc,l → Xc a.s. and EUc,l → EXc c = 1 . . . , k.

However, by the Hewitt-Savage zero-one law (cf. e.g., Chow and Teicher
1978) the tail σ-field F∞ is trivial and thus Xc has to be a constant a.s. This,
however, in view of the above convergence of the expectations implies that
for c = 1, . . . , k we have necessarily Xc = EXc = 0 since EUc,l = 0 for all
l ≥ k ≥ c. ⊓⊔
As a simple example of the above consider the law of large numbers for a sum
of independent and identically distributed random variables.

Example 3.6.1 (Classical SLLN). Let (Xi) be a sequence of independent and

identically distributed, integrable random variables and let Sl =
∑l

i=1 Xi.
Then

Sl/l → EX1 a.s. as l → ∞.

In general for Per X (m,n) when both m, n → ∞ the results of the type
presented above are insufficient since the number of elements in the H-
decomposition increases with n and thus some refinements of the result of
Lemma 3.6.1 are needed. The first results treating almost sure convergence of
permanents for one dimensional projection matrices, that is the issue of strong
convergence for random permanents were obtained in Halász and Székely
(1976). The authors considered symmetric polynomials of increasing order
for positive iid random variables which, for the matrix of positive entries, is
equivalent to taking ρ = 1 in the scheme (A1-A2) we consider here. Then it
was shown that under the condition m/n → λ ≥ 0

(
Per X(

n
m

)
)1/m

→ S(λ) a.s.,

where S(λ) is a non-random quantity uniquely determined by the value of λ
and such that S(0) = µ. Note that the above result is implied by the relation
of the type

Per X (m,n)

(
n
m

)
m!µm

→ 1 a.s. (3.20)

as n → ∞ and/or m → ∞, but only when λ = 0. Further non-linear laws
of large numbers for permanents are also known. In particular, it is known
that for X = X the relation (3.20) cannot hold if m/

√
n → λ > 0 and only

a logarithmic version of SLLN for elementary symmetric polynomials under
restrictive technical assumptions were obtained.

Here we discuss the conditions under which the SLLN of the form (3.20)
holds under the exchangeability assumptions (A1-A2) on X (∞) as given in
Chapter 1. It turns out that in this setting a somewhat more stringent condi-
tion on the rate of relative asymptotic behavior of m and n is helpful.
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Theorem 3.6.2. Let m = mn be a non-decreasing sequence. If ρ ∈ (0, 1] and
mp/n → 0 for some p > 2 then

Per X (m,n)

(
n
m

)
m!µm

→ 1 a.s.

Proof. As before we use the H-decomposition (3.13). Hence, it suffices to
prove that

m∑

c=1

(
m

c

)
U (m,n)

c → 0 a.s.

as n → ∞.
Observe that for sufficiently large n, say n > n0, we have m = mn ≤ n1/p.
First, we prove that for any arbitrary but fixed c ≥ 1

(
m

c

)
U (m,n)

c → 0 a.s.

To this end note that for any ε > 0

P

(
sup

n≥2n0

(
mn

c

)
|U (m,n)

c | > ε

)

≤
∑

k≥n0

P

(
max

2k≤n≤2k+1

(
mn

c

)
|U (m,n)

c | > ε

)
.

Since (
mn

c

)
≤ mc

n

c!
≤ nc/p

c!
,

it follows that

P

(
sup

n≥2n0

(
mn

c

)
|U (m,n)

c | > ε

)

≤
∑

k≥n0

P

(
2c(k+1)/p

c!
max

2k≤n≤2k+1
|U (m,n)

c | > ε

)
.

Now, by the maximal inequality for backward martingales (see Theorem 2.1.2)
we get

P

(
sup

n≥2n0

(
mn

c

)
|U (m,n)

c | > ε

)
≤
∑

k≥n0

V ar
(
U

(m
2k ,2k)

c

)
22c(k+1)/p

(c!)2ε2

≤
∑

k≥n0

(γ2ρ)ce

(c!)2ε2

22c(k+1)/p

(
2k

c

) ,
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since it follows (see Example 2.3.1) for ρ > 0 that

V ar U (m,n)
c ≤ (γ2ρ)ce(

n
c

) .

Let us note that for sufficiently large n we have
(
n
c

)
≥ nc

2cc! which entails

P

(
sup

n≥2n0

(
mn

c

)
|U (m,n)

c | > ε

)

≤ (2γ2ρ)ce

c!ε2

∑

k≥n0

22c(k+1)/p

2kc
=

(21+1/pγ2ρ)ce

c!ε2

∑

k≥n0

2ck(2/p−1)

and the last series converges since p > 2, i.e. 2/p−1 < 0. Thus, it follows that

lim
n0→∞

P

(
sup

n≥2n0

(
mn

c

)
|U (m,n)

c | > ε

)
= 0,

and, consequently,
(
mn

c

)
|U (m,n)

c | → 0 a.s.
In the second step we consider

Rm,n(k) =

m∑

c=k

(
m

c

)
U (m,n)

c

for some 2 ≤ k ≤ m. We will prove that there exists k satisfying 2 ≤ k ≤ m
such that Rm,n(k) converges to zero completely, i.e., ∀ ε > 0

∞∑

n=1

P (|Rm,n(k)| > ε) < ∞.

This will obviously follow if we can show that

∞∑

n=1

V ar(Rm,n(k)) < ∞.

By the orthogonality of the H-decomposition (3.14) it follows that

V ar(Rm,n(k)) =
m∑

c=k

(
m

c

)2

V ar(U (m,n)
c ).

Consequently, using (3.15) and proceeding similarly as in previous proofs
we get

V ar(Rm,n(k)) =

m∑

c=k

(
m
c

)
(
n
c

) γ2c
c∑

r=0

(
m − r

c − r

)
ρc−r(1 − ρ)r

r!

≤ e

(
m2

n

)k m∑

c=k

(
m2

n

)c−k
γ2c

c!
.
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Now, for large enough n we have m2/n < mp/n < 1, and hence

V ar(Rm,n(k)) ≤
(

m2

n

)k

e1+γ2

.

Since
m2

n
=

(
mp

n

)2/p
1

n1−2/p
≤ 1

n1−2/p

for sufficiently large n, it follows that for k such that k(1 − 2/p) > 1 the
sequence (Rm,n(k)) converges completely to zero as n → ∞.

Combining the two steps we arrive at the conclusion of the theorem. ⊓⊔

Let us now turn attention to the case ρ = 0. In case of the permanent SLLN
for uncorrelated (and thus possibly independent) within-column components,
an additional technical condition on the behavior of the sequence m = mn is
required.

Theorem 3.6.3. Let ρ = 0 and let m = mn be a non-decreasing sequence.
Assume that ∃ p > 1 and ∃ L > 0 such that

mp/n → 0

and
m2

2n < Lmnn1/p. (3.21)

Then
Per X (m,n)

(
n
m

)
m!µm

→ 1, a.s.

Proof. Observe that in the case ρ = 0 it follows from (3.15) that

V ar(U (m,n)
c ) =

γ2c

c!
(
m
c

)(
n
c

) .

Consequently, using the same argument as in the previous proof we arrive at

P

(
sup

n≥2n0

(
m

c

)
|U (m,n)

c | > ε

)
≤
∑

k≥n0

m2c
2k+1

c!2ε2
V ar

(
U

(m
2k ,2k)

c

)

≤ (2γ)2c

c!ε2

∑

k≥n0

(
m2

2k+1

m2k2k

)c

,

where we used the inequalities s(s−1) . . . (s− c+1) ≥ (s/2)c for s sufficiently
large, taking s = m2k and s = 2k.

Now by (3.21) it follows that

P

(
sup

n≥2n0

(
m

c

)
|U (m,n)

c | > ε

)
≤ L(2γ)2c

c!ε2

∑

k≥n0

2kc(1/p−1)
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and the series converges, since p > 1. Hence for any fixed c it follows that(
m
c

)
|U (m,n)

c | → 0 a.s.
Similarly as in the proof of Theorem 3.6.2 we again consider Rm,n(k) =∑m

c=k

(
m
c

)
U

(m,n)
c for some 2 ≤ k ≤ m. We shall prove that there exists k

(2 ≤ k ≤ m) such that Rm,n(k) converges to zero completely.
To this end it suffices to note that

V ar(Rm,n(k)) =

m∑

c=k

(
m
c

)
(
n
c

) γ2c

c!
≤

m∑

c=k

mc2cγ2c

ncc!

=
(m

n

)k m∑

c=k

(m

n

)c−k (2γ2)c

c!
≤
(m

n

)k

e2γ2

.

But now it follows immediately that the series of variances converges if
only the parameter k is chosen in such a way that k(1 − 1/p) > 1, since

m

n
=

(
mp

n

)1/p
1

n1−1/p
≤ 1

n1−1/p

for n sufficiently large to have mp/n < 1. ⊓⊔

To illustrate the application of this result let us revisit the by now familiar
example of number of perfect matchings in random graphs.

Example 3.6.2 (SLLN for perfect matchings). Consider as before the bipartite
graph G = (V1, V2; E) with the matrix X (m,n) of independent and identically
distributed Bernoulli weights (i.e., the edges occur independently with a fixed
probability 0 < p < 1). We are again interested in the asymptotic behav-
ior, this time in the almost sure sense, of the number of perfect matchings
H(G, X (m,n)). Under the assumptions of Theorem 3.6.3 we have

H(G, X (m,n))(
n
m

)
m!pm

→ 1 a.s.

The condition (3.21) is somewhat mysterious, but in essence seems to be a
requirement for the behavior of the sequence (mn). Observe for instance that
if m2n/mn is bounded then the condition (3.21) holds.

Note also that instead of (3.21) one could require that the sequence mn

satisfies ∞∑

n=1

1

mnn2−2/p
< ∞.

To see this, note

P

(
sup

n≥2n0

(
mn

c

)
|U (m,n)

c | > ε

)
≤ 22/p(2γ)2c

c!ε2

∑

k≥n0

2k

m2k2k(2−2/p)
,
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which follows from the inequality mn < n1/p holding true for sufficiently
large n. The fact that the last series converges follows in view of the Cauchy
condensation criterion and (3.6).

The above implies in particular that if p > 2 the assumption (3.21) may
be dropped, since the condition (3.6) is then always satisfied.
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A very good introduction to the limiting theory for exchangeable random
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Weso�lowski (1999).

The proof of limit theorem for permanents as given in Theorem 3.3.1 as
well as some results on laws of large numbers for triangular arrays are taken
from Rempa�la and Weso�lowski (2004). Some of the discussion related to the
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4

Weak Convergence of Permanent Processes

4.1 Introduction

In the previous chapter we have discussed two results on the weak convergence
of random permanents in Theorems 3.4.2 and 3.4.3. The results were proved,
in essence, by reducing the analysis of asymptotic behavior of a random per-
manent to that of an elementary symmetric polynomial and taking advantage
of the general limit theorem for elementary symmetric polynomials of increas-
ing order (cf. Theorem 3.3.1). Whereas the advantage of the approach is its
conceptual simplicity, we saw that it required overcoming several technical
difficulties.

One way of avoiding some of these difficulties is by utilizing the results bor-
rowed from a quite general theory on the weak convergence of the stochastic
integrals developed by Jakubowski et al. (1989) and Kurtz and Protter (1991).
By adopting this approach, one may obtain a functional analogue of Theo-
rem 3.3.1, for instance, as a consequence of the result on weak convergence
of sequences of stochastic integrals given in Kurtz and Protter (1991). Then,
similarly as in Chapter 3, one may relate that result to a functional version
of the limit theorem for random permanents. The advantage of applying this
method is in considerable simplification of the arguments leading to analogues
of Theorems 3.4.2 and 3.4.3 which in current setting are obtained as simple
corollaries of the appropriate functional limit theorems. The disadvantage is,
of course, that one needs to introduce some new tools from the modern theory
of stochastic integration. It is perhaps useful to note that, unlike in Chapter 5
where the stochastic integrals shall be used to write out the appropriate weak
limits in more concise form, in the present chapter we utilize the stochastic
integration theory mostly for the sake of the suitable convergence properties of
the processes of interest which turn out to be stochastic integrals with respect
to certain continuous martingales.

The developments presented in the current chapter, though leading to
results for permanent processes, may be also viewed as an alternative way of
arriving at the limit theorems for random permanents given in Chapter 3.
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The current chapter is intended to be somewhat self-contained in that
it does not utilize any of the results on permanents derived in the previous
chapter. In the next two sections we recall some basic properties of the space
DRk which is the Skorohod space of cadlag functions on [0, 1] with values
in Rk. In the subsequent Section 4.4 we define a stochastic process which
is related to a permanent, the co-called permanent stochastic process or PSP.
Again, similarly as in Chapter 3, the orthogonal decomposition of a permanent
is our major tool also in this chapter. In Section 4.5 we recall some basic facts
from the stochastic integration theory and then derive an invariance principle
for what we refer to as an elementary symmetric polynomial process (ESPP)
via the stochastic integrals convergence theorem. The result is presented as
Theorem 4.5.1. Subsequently, the result on the ESPP is related to the asymp-
totic behavior of the component processes of PSP (Theorem 4.6.1). Once this
result is established the asymptotics for PSP follow via the truncation-type
argument along with the basic properties of the Prohorov distance and the
martingale properties of the component processes. These are the main results
of this chapter and are presented in the last two theorems of Section 4.7. In
particular, from these theorems the assertions of Theorems 3.4.2 and 3.4.3
follow immediately.

4.2 Weak Convergence in Metric Spaces

First, we give some general background on the Skorohod spaces and the weak
convergence of stochastic processes.

Let (I, d) be an arbitrary metric space with a metric d and let B(I) be the
corresponding Borel σ-field. Let P(I) be a class of Borel probability measures
on I. So far we have been mostly concerned with the case of I = Rk. Since we
shall now venture into more abstract metric spaces at this point it is perhaps
useful to note that the notion of the weak convergence used so far for Rk also
works in a more general metric space setting. Recall the following.

Definition 4.2.1 (Weak convergence in metric spaces). Consider a seq-
uence of probability measures (Pn) and a probability measure P on (I,B(I)).
We say that the sequence (Pn) converges weakly to P if and only if the con-
vergence (recall the notational convention (1.5))

Pn [f ] → P [f ] n → ∞

holds for every bounded continuous real valued function f on I.

In the sequel, if Yn and Y are random elements in I, we continue to

write Yn
d→ Y for the weak convergence of the corresponding probability

distributions. The following result ensures that the above notion of the weak
convergence is consistent with the other ones used so far. Recall that a set
A ∈ B(I) whose boundary ∂A satisfies P (∂A) = 0 is called a P -continuity set
(note that the set ∂A is closed and hence is an element of B(I)).
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Theorem 4.2.1 (Portmanteau’s theorem). Let Pn and P be probability
measures on (I, d). Then the following conditions are equivalent

(i) Pn converges weakly to P as n → ∞.
(ii) Pnf → Pf as n → ∞ for all bounded, uniformly continuous f .
(iii) lim supn Pn(F ) ≤ P (F ) for all closed F ⊆ I.
(iv) lim infn Pn(G) ≤ P (G) for all open G ⊆ I.
(v) Pn(A) → P (A) as n → ∞ for all P -continuity sets A ∈ B(I).

⊓⊔

The proof of this result may be found, for instance, in Billingsley (1999, p. 16).
It is often convenient to topologize the space of all probability measures

P(I) in a way which agrees with a notion of weak convergence. This may be
done for instance by introducing the Prohorov metric.

Definition 4.2.2 (Prohorov metric). Let P, Q be two probability measures
belonging to P(I). The Prohorov metric (or distance) is defined as

̺(P, Q) = inf{ε > 0 : P (F ) ≤ Q(F ε) + ε ∀ F ∈ C},

where C is the collection of closed subsets of I and

F ε =

{
x ∈ I : inf

y∈F
d(x, y) < ε

}
.

In order to argue that ̺ is indeed a metric we need the following.

Lemma 4.2.1. Let P, Q ∈ P(I) and α, β > 0. If

P (F ) ≤ Q(F α) + β (4.1)

for all F ∈ C, then
Q(F ) ≤ P (Fα) + β (4.2)

for all F ∈ C.

Proof. Given F1 ∈ C let F2 = I −Fα
1 and note that F2 ∈ C and F1 ⊂ S −Fα

2 .
Consequently, by (4.1) with F = F2

P (Fα
1 ) = 1 − P (F2) ≥ 1 − Q(Fα

2 ) − β ≥ Q(F1) − β,

which implies (4.2) with F = F1. ⊓⊔

From the above lemma it follows that ̺(P, Q) = ̺(Q, P ) for all P, Q ∈
P(I). Also, if ̺(P, Q) = 0, then P (F ) = Q(F ) for all F ∈ P(I) and hence
for all F ∈ B(I). Thus ̺(P, Q) = 0 if and only if P = Q. For P, Q, R ∈ P(I),
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take any ε > 0 and δ > 0 such that ̺(P, Q) < ε and ̺(Q, R) < δ. For any set

A denote by A its closure. Then on noting that
(
F δ
)ε

⊂ F δ+ε we get

P (F ) ≤ Q
(
F δ
)

+ δ ≤ Q
(
F δ
)

+ δ ≤ R
((

F δ
)ε)

+ ε + δ ≤ R
(
F ε+δ

)
+ δ + ε

for all F ∈ P(I). Hence ̺(P, R) ≤ δ + ε and due to the fact that ε and δ
are arbitrary numbers satisfying ̺(P, Q) < ε and ̺(Q, R) < δ we get that
̺(P, R) ≤ ̺(P, Q)+̺(Q, R) which ends the proof of the fact that ̺ is a metric.

Let X, Y be two random elements in I with their corresponding proba-
bility laws P and Q. The Prohorov distance between X, Y is then defined as
̺(X, Y ) = ̺(P, Q).

It turns out that if (I, d) is a separable metric space then the convergence
in Prohorov metric is equivalent to the weak convergence as defined above.
Let us state this as follows.

Theorem 4.2.2. Let (I, d) be a separable metric space and let Yn, Y be I-
valued random elements. Then, as n → ∞,

Yn
d→ Y if and only if ̺(Yn, Y ) → 0.

Proof. Let Pn, P ∈ P(I) denote the laws of Yn, Y respectively. Suppose that
̺(Yn, Y ) → 0, then there exists a sequence εn such that ̺(Yn, Y ) < εn → 0.
Note that for any F ∈ C lim supn Pn(F ) ≤ lim supn Pn(F εn) + εn = P (F )

and hence Yn
d→ Y by Theorem 4.2.1.

Conversely, suppose now that Yn
d→ Y . Let ε > 0 be taken arbitrarily.

Consider a countable family of open disjoint subsets {Ai}i≥1 of the space I
such that supx,y∈Ai

d(x, y) < ε for all i’s and P (A0) ≤ ε/2 for A0 = I \⋃i Ai.
Such a partition of I exists due to the assumption of separability. Let us
choose k large enough so that P

(⋃
i>k Ai

)
< ε/2 and let G0 be a finite class

of open sets of the form Ai1 ∪ · · · ∪ Ail
for 1 ≤ i1 <, . . . , < il ≤ k. If Pn

converges weakly to P then by Theorem 4.2.1 there exist n0 = n0(ε) such
that for all n ≥ n0, Pn(G) > P (G)− ε for each G ∈ G0. For a given set B let
B0 be the union of those sets among {Ai} that intersect with B. Note that
Bε

0 ∈ G0, and for n ≥ n0 we have

P (B) ≤ P (B0) + P (
⋃

i>k

Ai) + P (A0) ≤ P (Bε
0) + ε < Pn(Bε

0) + 2ε

≤ Pn(B2ε) + 2ε,

and hence ̺(Yn, Y ) ≤ ε. ⊓⊔
The following upper bound on the Prohorov distance shall be useful.

Theorem 4.2.3. Let P, Q ∈ P(I) and let ν be a measure belonging to P(I2)
such that ν(A × I) = P (A) and ν(I × A) = Q(A) for all A ∈ B(I) (i.e., ν
has marginals P, Q). Then

̺(P, Q) ≤ inf{ε > 0 : ν{(x, y) : d(x, y) ≥ ε} ≤ ε}.
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Proof. Suppose that
ν{(x, y) : d(x, y) ≥ ε} ≤ ε,

then for any F ∈ C

P (F ) = ν(F × I)

≤ ν((F × I) ∩ {(x, y) : d(x, y) < ε}) + ε

≤ ν(I × F ε) + ε = Q(F ε) + ε

and hence ̺(P, Q) ≤ ε and the result follows. ⊓⊔

4.3 The Skorohod Space

In this section we introduce an important metric space that shall be essential
for further discussions of this chapter. Let us begin with a description of a
class of functions which plays a fundamental role in describing the functional
limits theorems we are interested in.

Consider a space of real valued functions x on the interval [0,1] that are
right-continuous and have left-hand limits. More precisely,

(i) for 0 ≤ t < 1, x(t+) = lims↓t x(s) exists and x(t+) = x(t), and
(ii) for 0 < t ≤ 1, x(t−) = lims↑t x(s) exists.

Functions with these properties are typically called cadlag which is an acronym
for French “continu à droite, limites à gauche”. A function x is said to have
a discontinuity of the first kind at t if x(t−) and x(t+) exist but differ. Any
discontinuities of a cadlag function are of the first kind. Note also that the
space of all continuous functions on [0,1] is a subset of the collection of all
cadlag functions on [0,1].

In the space of continuous functions on [0,1] one typically defines the dis-
tance between two elements x, y by considering the uniform perturbation of
the difference of the graphs x(t) and y(t) with the same abscissas (time),
that is

dC(x, y) = sup
t∈[0,1]

|x(t) − y(t)|. (4.3)

In contrast, in the space of cadlag functions it is convenient to additionally
allow for a small deformation of the time scale. Physically, this reflects an
acknowledgment that we cannot measure time with perfect accuracy more
than we can measure position. The following distance notion, devised by
Skorohod, embodies the idea.

Let Υ denote a class of strictly increasing, continuous functions (or map-
pings) from [0,1] onto itself. If υ ∈ Υ then υ(0) = 1 and υ(1) = 1. For cadlag
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x and y define their distance d(x, y) to be the infimum of those positive ε for
which there exists υ ∈ Υ satisfying

sup
t

|υ(t) − t| = sup
t

|t − υ−1(t)| < ε

and

sup
t

|x(t) − y(υ(t))| = sup
t

|x(υ−1(t)) − y(t)| < ε. (4.4)

Setting ‖x‖ = supt |x(t)| and defining Id to be an identity mapping, we may
write this in a bit more compact form as

d(x, y) = inf
υ∈Υ

{max(‖υ − Id‖, ‖x − y ◦ υ‖)} (4.5)

Note that the above indeed defines a metric: It may be shown that each cadlag
function on [0,1] is bounded thus d(x, y) is always finite (since we may take
υ(t) = t). Of course d(x, y) ≥ 0 and d(x, y) = 0 implies that for each t either
x(t) = y(t) or x(t) = y(t−) which in turn implies that x = y. Note that if
υ ∈ Υ then also υ−1 ∈ Υ as well as if υ1, υ2 ∈ Υ then also υ1 ◦ υ2 ∈ Υ .
The fact that d(x, y) = d(y, x) follows directly from (4.5). Finally, the triangle
inequality follows since

‖υ1 ◦ υ2 − Id‖ ≤ ‖υ1 − Id‖ + ‖υ2 − Id‖

as well as
‖x − z ◦ υ1 ◦ υ2‖ ≤ ‖x − y ◦ υ2‖ + ‖y − z ◦ υ1‖.

We may now topologize the collection of all cadlag functions on [0,1] with the
metric d.

Definition 4.3.1 (Skorohod space). The space of all cadlag functions on
[0, 1] with values in Rk with the topology induced by the metric d given by
(4.5) is called Skorohod space and denoted by DRk .

From the above definition it follows that the sequence of elements xn converges
to x in the sense of the (topology of) space DRk if there exist functions υn ∈ Υ
such that limn xn(υn(t)) = x(t) uniformly in t and lim υn(t) = t uniformly
in t. Thus if dc(xn, x) → 0 where dc is given by (4.3), then xn converges to x
in DRk , that is, d(xn, x) → 0. Conversely, since

|xn(t) − x(t)| ≤ |xn(t) − x(υn(t))| + |x(υn(t)) − x(t)|

therefore d(xn, x) → 0 implies dc(xn, x) → 0. Thus for continuous xn, x the
two metrics are equivalent. However, in general they are not as the example
below illustrates.

Example 4.3.1 (Convergence in DR). Let α ∈ [0, 1) and take xn = I[0,α+1/n).
Then the sequence (xn) converges in (the Skorohod topology of) DR, namely
xn = I[0,α+1/n) → x = I[0,α) but on the other hand xn(t) �→ x(t) for t = α.
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The important property of the Skorohod space DRk is that it is a separable
metric space. The proof of this fact may be found e.g., in Billingsley (1999,
p. 128).

In order to relate the convergence in the space DRk with our results on
weak convergence for random permanents discussed in the previous chapter,
we need to relate the convergence of the random elements x(t) to the conver-
gence of their finite dimensional projections ∆t1··· ,tk

(x) = x((t1), . . . , x(tk)).
We note that since every function in Υ fixes the points 0,1, thus the special
projections ∆t(x) are always continuous for t = 0, 1 and hence in particular
we have the following lemma.

Lemma 4.3.1. The weak convergence of the random elements xn
d→ x in DRk

implies convergence in distribution of Rk-valued random vectors

xn(1)
d→ x(1).

Let us illustrate the usefulness of the above statement in deriving classical
limit theorems. Consider the following functional version of the central limit
theorem known as the Donsker invariance principle.

Theorem 4.3.1 (Donsker’s theorem). Let Yl,k, k = 1, . . . , l, and l =
1, 2, . . . be a double array of square integrable, zero-mean, row-wise indepen-
dent real random variables. Assume that

lim
l→∞

1

l

l∑

k=1

V ar Yl,k = σ2, (4.6)

∀ ε > 0 lim
l→∞

1

l

l∑

k=1

E Y 2
l,kI{|Yl,k| > σε

√
l} = 0. (4.7)

For t ∈ [0, 1] define

Y
(l)
t =

1

σ
√

l

[lt]∑

k=1

Yl,k.

Then the weak convergence

Y (l) d→ B l → ∞

holds in the sense of the Skorohod space DR([0, 1]) where B = (Bt)t∈[0,1] is
the standard Brownian motion.

The theorem is a special case of the general result on the invariance prin-
ciple for the triangular arrays of cadlag martingales. For the proof, see e.g.,
Billingsley (1999, p. 194). In view of Lemma 4.3.1 the above theorem gives us
the following corollary.
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Corollary 4.3.1 (Central limit theorem for triangular arrays). Let
Yl,k, k = 1, . . . , l, and l = 1, 2, . . . be a double array of square integrable,
zero-mean, row-wise independent real random variables. Assume that (4.6)
and (4.7) hold true. Then

1

σ
√

l

l∑

k=1

Yl,k
d→ N l → ∞.

Note that (4.7) is simply the Lindeberg condition (LC) of Theorem 3.3.1.

4.4 Permanent Stochastic Process

Recall that under the assumptions (A1-A2) introduced in Chapter 1 we are
concerned with the setting where X (m,n) = [Xi,j ] is an m × n (m ≤ n) real
random matrix of square integrable components and such that its columns
are build from the first m terms of independent identically distributed (iid)
sequences (Xi,1)i≥1, (Xi,2)i≥1, . . ., (Xi,n)i≥1 of exchangeable random vari-
ables. As already noted, under these assumptions all entries of the matrix
X (m,n) are identically distributed, albeit not necessarily independent. Recall
that we denote for i, k = 1, . . . , m and j = 1, . . . , n σ2 = V ar Xi,j and
ρ = Corr(Xk,j , Xi,j) where ρ ≥ 0. As in the previous chapter we assume that
µ �= 0 and denote additionally by γ = σ/|µ| the variation coefficient. In what
follows m = mn ≤ n is always a non-decreasing sequence.

In the setting described we proceed as follows. First, we extend the defi-
nition of a permanent function to a stochastic process (in the sequel referred
to as “permanent stochastic process” or PSP) in a manner similar to that of
extending the concept of a U -statistic defined in Chapter 1 to a “U -process”
(see, Lee 1990). The fact that such a construction is possible is a consequence
of the orthogonal decomposition (3.13). Second, in order to obtain the func-
tional limit theorem for permanents, we extend some of the ideas of Chapter 3
to derive a general limit theorem for an elementary symmetric polynomial pro-
cess (ESPP) based on a triangular array of row-wise independent, zero mean,
square integrable random variables. To this end we will adopt from Kurtz
and Protter (1991) an idea of representing the ESPP as a multiple stochastic
integral.

Consider again the decomposition of a permanent given by (3.13). Extend-

ing the definition of orthogonal components U
(m,n)
c (c = 1,2,. . . ) to random

functions is straightforward. For any real number x let [x] denote the largest
integer less or equal to x. Then for any c = 1,2,. . . and for any t ∈ [0, 1] such
that c ≤ [nt] let us define

U (m,n)
c (t) =

1(
n
c

)(
m
c

)
c!

∑

1≤i1<...<ic≤m

∑

1≤j1<...<jc≤[nt]

Per [X̃iu,jv ] u = 1, . . . , c
v = 1, . . . , c

for
[
X̃i,j

]
= [Xi,j/µ − 1] and put U

(m,n)
c (t) = 0 if c > [nt].



4.5 Weak Convergence of Stochastic Integrals 75

Now, the decomposition (3.13) suggests that on the interval [0, 1] we
may define the stochastic process associated with Per (X (m,n)), denoted by(
Per X (m,n)(t)

)
t∈[0,1]

, as follows.

Definition 4.4.1 (Permanent stochastic process). The permanent stoch-
astic process is defined by

Per X
(m,n)(t) =

(
n

m

)
m! µm

[
1 +

m∑

c=1

(
m

c

)
U (m,n)

c (t)

]
t ∈ [0, 1].

It follows from (3.13) that the trajectory of (Per X (m,n)(t))t∈[0,1] coincides
with a permanent function for t = 1, i.e.

Per X
(m,n)(1) = Per (X (m,n)) . (4.8)

4.5 Weak Convergence of Stochastic Integrals

and Symmetric Polynomials Processes

Naturally, to define an elementary symmetric polynomial process (ESPP)
(S(j,l)) based on any triangular array [Yl,k] of random variables, we refer
to the notion of an elementary symmetric polynomial discussed already in
Section 1.4 of Chapter 1 and Section 3.2.3 of Chapter 3. For any j ≤ l and
for any t ∈ [0, 1] we define the process S(j,l) as

S
(j,l)
t =

⎧
⎨
⎩

S[lt](j), for j
l ≤ t ≤ 1,

0, for 0 < t < j
l

.

Recall that
S[lt](j) =

∑

1≤k1<...<kj≤[lt]

Yl,k1 . . . Yl,kj ,

is an elementary symmetric polynomial of degree j based on [lt] variables.
In this section we derive a general result on weak convergence of ESPPs

based on any row-wise independent triangular array of zero mean, square
integrable random variables. The result can be viewed as the extension of
Donsker’s invaraince principle (Theorem 4.3.1).

Theorem 4.5.1. Let Yl,k, k = 1, . . . , l, l = 1, 2, . . ., be a double array of
square integrable, zero-mean, row-wise independent random variables. Assume
that (4.6) and (4.7) hold.

Then, for any positive integer c,

[(
S(1,l)

√
l

)
, . . . ,

(
S(c,l)

(
√

l)c

)]
d→ (4.9)
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d→
[(

σt1/2

1!
H1

(
Bt√

t

))

t∈[0,1]

, . . . ,

(
σctc/2

c!
Hc

(
Bt√

t

))

t∈[0,1]

]

as l → ∞ in the Skorohod space DRc([0, 1]), where Hj is the j-th Hermité poly-
nomial, j = 1, 2, . . . , and B = (Bt)t∈[0,1] is the standard Brownian motion.

The asymptotic distribution of l−c/2 S
(l)
[lt](c) for fixed c and iid random

variables appears for the first time in Móri and Székely (1982). The relation
(4.9), again for iid random variables only, appears in Kurtz and Protter (1991)
as one of the examples of applicability of their general result.

Note that the above theorem can be viewed as a functional version of
the result on elementary symmetric polynomial given in Theorem 3.3.1. Sev-
eral different ways of proving the above statement (4.9) are possible. Here
we choose to apply an argument based on a quite general result on the con-
vergence of stochastic integrals, due to Kurtz and Protter (1991). We have
chosen this approach below since the application of the stochastic integral
theory allows us to present a more concise argument, avoiding many technical
details that needed to be addressed in our discussions in Chapter 3.

In order to proceed, we have to recall some basic facts and defini-
tions. Let F = (Ft)t∈[0,1] be a filtration in a probability space (Ω,F , P ). If
Y = (Yt)t∈[0,1] is a right continuous F martingale then its quadratic variation
process ([Y ]t)t∈[0,1] is defined for any t ∈ [0, 1] as the limit

n∑

k=1

(Y
u
(n)
k+1

− Y
u
(n)
k

)2
P→ [Y ]t,

where (u
(n)
k ) is a sequence of non-random partitions of [0, t] such that

maxk(u
(n)
k+1 − u

(n)
k ) → 0 as n → ∞.

If Y is an F martingale with trajectories in DR and X = (Xt)t∈[0,1] is an F

adapted process with trajectories in DRk then we define the stochastic integral
(
∫ t

0 Xs dYs)t∈[0,1] as a limit in probability of the Riemann-Stieltjes sums

∑
Xti

(n)(Y
t
(n)
i+1

− Yti
(n))

P→
∫ t

0

Xs dYs,

for non-random partitions (t
(n)
i ) of [0, t] such that max(t

(n)
i+1− t

(n)
i ) converges to

zero. The integral exists if the respective limit in probability of the Riemann-

Stieltjes sums does not depend on the choice of the sequence (t
(n)
i ). We will

use the notation
∫

X dY for the process
(∫ t

0
Xs dYs

)

t∈[0,1]
.

The version of a convergence result for stochastic integrals which suits our
purposes can be formulated in the following way.

Theorem 4.5.2. Assume that (X, Y ), (X1, Y1), (X2, Y2), . . . are pairs of
stochastic processes such that trajectories of the first components are in DRk
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and trajectories of the second components are in DR. Let Yn be a square inte-
grable martingale with respect to a filtration Fn and supn≥1 E([Yn]t) < ∞ for
any t ∈ [0, 1], where ([Yn]t)t∈[0,1] is the quadratic variation process for Yn,
n = 1, 2, . . .. Assume also that the process Xn is Fn adapted, n = 1, 2, . . . If
(Xn, Yn) converges weakly to (X, Y ) in DRk+1 then (Xn, Yn,

∫
Xn dYn) con-

verges weakly to (X, Y,
∫

X dY ) in DR2k+1 . ⊓⊔

The proof of this theorem may be found in Kurtz and Protter (1991).

We shall use Theorem 4.5.2 in order to give a concise proof of Theo-
rem 4.5.1. It is based on the idea of representing elementary symmetric poly-
nomials via iterative stochastic integrals.

Proof (of Theorem 4.5.1). Define for any k = 1, 2, . . . , c

Y (k)
n =

S(k,n)

(
√

n)k
.

Observe that

Y (k)
n =

∫
Y (k−1)

n dY (1)
n .

Also define

Y (k) =
(
Y

(k)
t

)

t∈[0,1]
=

(
σktk/2

k!
Hk

(
Bt√

t

))

t∈[0,1]

.

It is well known that

Y (k) =

∫
Y (k−1) dY (1).

Let Z
(k)
n = [Y

(1)
n , . . . , Y

(k)
n ], n = 1, 2, . . . and let Z(k) = [Y (1), . . . , Y (k)], k =

1, 2, . . . , c.
To prove that

Z(k)
n

d→ Z(k),

in the Skorohod space DRk , k = 1, . . . , c, we use induction with respect to k.
The result for k = 1 follows in view of the conditions (4.6) and (4.7)

which imply, by the Donsker theorem for triangular arrays (Theorem 4.3.1),

that Z
(1)
n = Y

(1)
n

d→ B = Y (1) in DR. Observe also that the process Y
(1)
n

is a martingale since it is based on the summation of independent random

variables. Moreover, since for a given n the process Y
(1)
n just cumulates jumps

while remaining constant, in-between jumps, then its quadratic variation is

[Y (1)
n ]t = n−1

[nt]∑

k=1

Y 2
n,k.
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Consequently,

sup
n

E([Y (1)
n ]t) = sup

n

[nt]σ2

n
≤ tσ2.

Let us also note that all the processes Y
(k)
n , k = 1, . . . , c, are adapted to the

same filtration, generated by Y
(1)
n , n = 1, 2, . . ., and similarly, the processes

Y (k), k = 1, . . . , c, are adapted to the same filtration, generated by the Wiener
process B.

Assume now that Z
(k−1)
n

d→ Z(k−1) in DRk−1 . Then, obviously,
(
Z(k−1)

n , Y (1)
n

)
d→
(
Z(k−1), Y (1)

)

in DRk since the limiting process is continuous a.s. Consequently, by
Theorem 4.5.2 it follows that

(
Z(k−1)

n , Y (1)
n ,

∫
Z(k−1)

n dY (1)
n

)
d→
(

Z(k−1), Y (1),

∫
Z(k−1) dY (1)

)
.

But the above convergence yields immediately the final result since
(

Y (1)
n ,

∫
Z(k−1)

n dY (1)
n

)
= Z(k)

n

and (Y (1),
∫

Z(k−1) dY (1)) = Z(k). ⊓⊔

4.6 Convergence of the Component Processes

Recall that by the definition of PSP (Definition 4.4.1)

Per X (m,n)(t)(
n
m

)
m!µm

= 1 +
m∑

c=1

(
m

c

)
U (m,n)

c (t) t ∈ [0, 1].

We shall first establish the limiting result for processes U
(m,n)
c (c =

1, 2, . . .).

To this end, let us consider for any c = 1, 2, . . . a process (W
(n)
c (t)) defined

by the following rescaling of U
(m,n)
c (t).

W (n)
c (t) =

(
n

c

)(
m

c

)
c! U (m,n)

c (t) =
∑

1≤i1<...ic≤m

∑

1≤j1<...jc≤[nt]

Per [X̃iu,jv ] u = 1, . . . , c
v = 1, . . . , c

for t ∈ [c/n, 1] and W
(n)
c (t) = 0 for t ∈ [0, c/n). The reminder of this section

is devoted to the proof of the following functional analogue of Theorem 3.3.1
from Chapter 3.
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Theorem 4.6.1. Let c be an arbitrary positive integer. Assume that m =
mn → ∞ as n → ∞.

If ρ = 0 then

[
W

(n)
1 (t)√
mn

, . . . ,
W

(n)
c (t)

(
√

mn)c

]

t∈[0,1]

d→

⎡

⎣
γ
√

tH1

(
Bt√

t

)

1!
, . . . ,

(γ
√

t)cHc

(
Bt√

t

)

c!

⎤

⎦

t∈[0,1]

in DRc .
If ρ > 0 then

[
W

(n)
1 (t)

m
√

n
, . . . ,

W
(n)
c (t)

(m
√

n)c

]

t∈[0,1]

d→

⎡

⎣
γ
√

ρtH1

(
Bt√

t

)

1!
, . . . ,

(γ
√

ρt)cHc

(
Bt√

t

)

c!

⎤

⎦

t∈[0,1]

in DRc .

Proof. Consider first the case ρ = 0. For an arbitrary fixed positive integer c

define a process V
(n)
c by

V (n)
c (t) = n−c/2

∑

1≤j1<...<jc≤[nt]

Yn,j1 . . . Yn,jc

for t ∈ [c/n, 1], where

Yn,j = m−1/2
m∑

i=1

X̃i,j , j = 1, . . . , n,

and V
(n)
c (t) = 0 for t ∈ [0, c/n).

Observe that by Theorem 4.5.1 the convergence

[V
(n)
1 (t), . . . , V (n)

c (t)]t∈[0,1]
d→

⎡

⎣
γ
√

tH1

(
Bt√

t

)

1!
, . . . ,

(γ
√

t)cHc

(
Bt√

t

)

c!

⎤

⎦

t∈[0,1]

(4.10)
in DRc follows as soon as we verify (4.6) and the Lindeberg condition (4.7),
which in our current setting takes the form

E(Y 2
n,1I(|Yn,1| >

√
nε)) → 0

for any ε > 0 as n → ∞. This follows along the same lines like in the respective
part of the proof of Theorem 3.3.1. Therefore (4.6) and (4.7) are satisfied and
thus, via Theorem 4.5.1, also (4.10) holds true.

Observe that for any k = 1, . . . , c

W
(n)
k (t)

(
√

mn)k
= V

(n)
k (t) − R

(n)
k (t)

(
√

mn)k
, (4.11)
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where (R
(n)
k (t)) is a process such that for any t ∈ [k/n, 1] it is a sum of different

products X̃i1,j1 . . . X̃ik,jk
where 1 ≤ j1 < . . . < jk ≤ [nt], (i1, . . . , ik) ∈

{1, . . . , m}k and at least one of the indices i1, . . . , ik in the sequence (i1, . . . , ik)

repeats. For t ∈ [0, k/n) we define R
(n)
k (t) to be equal to zero.

Note that (R
(n)
k (t))t∈[0,1] is a martingale for any fixed n, in view of the

assumed independence of columns of X (m,n). Consequently, by the maximal
inequality (Theorem 2.1.1),

P

(
sup

t∈[0,1]

|R(n)
k (t)|

(
√

mn)k
> ε

)
≤ E (R

(n)
k (1))2

ε2(mn)k
=

V ar (R
(n)
k (1))

ε2(mn)k
.

Now, repeating the argument used in the first part of the proof of
Theorem 3.3.1 we arrive at

V ar

(
R

(n)
k (1)

(
√

nm)k

)
→ 0,

as n → ∞.
Consequently, the c-variate process

[
R

(n)
1 (t)√
mn

, . . . ,
R

(n)
c (t)

(
√

mn)c

]T

t∈[0,1]

P→ 0

in DRc and thus the first result follows immediately by (4.10) and (4.11).
Thus the case ρ = 0 is completed.

Next, let us consider the case ρ > 0. As above, let us define for any

k = 1, 2, . . . the process (V
(n)
k (t))t∈[0,1] by

V
(n)
k (t) = n−c/2

∑

1≤j1<...<jc≤[nt]

Yn,j1 . . . Yn,jc ,

where

Yn,j =
1

m

m∑

i=1

X̃ij ,

j = 1, 2, . . . , n.
Similarly to the argument used in the second part of the proof of

Theorem 3.3.1 we get

[V
(n)
1 (t), . . . , V (n)

c (t)]t∈[0,1]
d→
[
(
√

ρtγ)1

1!
H1(Bt/

√
t), . . . ,

(
√

ρtγ)c

c!
Hc(Bt/

√
t)

]

t∈[0,1]

. (4.12)
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Also as in the previous case of uncorrelated components, for any k = 1, . . . , c,
we have

W
(n)
k (t)

mk(
√

n)k
= V

(n)
k (t) − R

(n)
k (t)

mk(
√

n)k
. (4.13)

Again we refer to the second part of the proof of Theorem 3.3.1 to conclude
that

V ar

(
R

(n)
k (1)

mk(
√

n)k

)
→ 0

as n → ∞. As before the process (R
(n)
k (t))t∈[0,1] is a martingale for fixed n

and thus once again the maximal inequality yields

[
R

(n)
1 (t)

m
√

n
, . . . ,

R
(n)
c (t)

(m
√

n)c

]T

t∈[0,1]

P−→ 0

in DR.
Now, the second assertion of the theorem follows from (4.12) and (4.13)

and the proof of Theorem 4.6.1 is complete. ⊓⊔

4.7 Functional Limit Theorems

Having established the result of Theorem 4.6.1 in the previous subsection,
we are finally in a position to state and prove the two main theorems for a
permanent stochastic process defined in Definition 4.4.1. As stated earlier,
the present limit theorems could be viewed as the functional generalizations
of the Theorems 3.4.2 and 3.4.3 from Chapter 3. In particular, due to (4.8)
and the result of Lemma 4.3.1 they entail these results.

To begin, we consider the case when the entries of matrix X (∞) are uncor-
related.

Theorem 4.7.1. Assume that ρ = 0 and let (Bt)t∈[0,1] denote the standard
Brownian motion.

If m/n → λ > 0 as n → ∞ then

(Per X (m,n)(t))t∈[0,1](
n
m

)
m!µm

d→
(
exp

(√
λγBt − λtγ2

))

t∈[0,1]
in DR. (4.14)

If m/n → 0 and m = mn → ∞ as n → ∞ then

√
n

m

(
(Per X (m,n)(t))t∈[0,1](

n
m

)
m!µm

− 1

)
d→ γ(Bt)t∈[0,1] in DR. (4.15)
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Proof. Consider first the case λ > 0. For any n and any N such that N < mn

define a process S
(n)
N = (S

(n)
N (t))t∈[0,1] by

S
(n)
N (t) = 1 +

N∑

c=1

(
m

c

)
U (m,n)

c (t) = 1 +

N∑

c=1

(
√

mn)c

(
n
c

)
c!

W
(n)
c (t)

(
√

mn)c
.

Observe that by the first assertion of Theorem 4.6.1 it follows that

S
(n)
N

d→ GN =

(
N∑

c=0

(λtγ2)c/2

c!
Hc

(
Bt√

t

))

t∈[0,1]

(4.16)

in DR as n → ∞, since for any c = 1, 2, . . .

(
√

mn)c

(
n
c

)
c!

→ λc/2.

Define also a process T
(n)
N = (T

(n)
N (t))t∈[0,1] by

T
(n)
N (t) =

mn∑

c=N+1

(
m

c

)
U (m,n)

c (t).

And let G∞ = (G∞(t))t∈[0,1] be defined by

(G∞(t))t∈[0,1] =

( ∞∑

c=0

(λtγ2)c/2

c!
Hc

(
Bt√

t

))

t∈[0,1]

=
(
exp

(√
λγBt − λtγ2

))

t∈[0,1]
.

Let ̺ denote the Prokhorov distance between the random elements in DR.
Then

̺(Z(n),G∞) ≤ ̺(Z(n),S
(n)
N ) + ̺(S

(n)
N ,GN ) + ̺(GN ,G∞), (4.17)

where Z(n) = S
(n)
N + T

(n)
N . Let us note that for any t ∈ [0, 1]

Per X
(m,n)(t) =

(
n

m

)
m! µm Z(n)(t)

and that (4.16) implies ̺(S
(n)
N ,GN ) → 0 as n → ∞ for any fixed N , as well

as, that we have ̺(GN ,G∞) → 0 as N → ∞. Therefore, in order to argue

that ̺(Z(n),G∞) → 0 as n → ∞ we only need to show that ̺(Z(n),S
(n)
N )

tends to zero uniformly in n as N → ∞.
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To this end observe that by the bound on the Prohorov distance given in
Theorem 4.2.3 as well as the fact that the distance in the uniform metric dC

given by (4.3) bounds the Skorohod distance d, we have

̺(Z(n),S
(n)
N ) ≤ inf{ε > 0 : P ( sup

t∈[0,1]

|T (n)
N (t)| > ε) ≤ ε}.

On the other hand, as before, it is easy to see that due to the assumed

independence of columns of X (m,n) the process T
(n)
N is a martingale for fixed

n, N and thus, via the maximal inequality and the relations (3.14) and (3.15)
for ρ = 0, we have for any ε > 0

P ( sup
t∈[0,1]

|T (n)
N (t)| > ε) ≤ ε−2V ar T

(n)
N (1) = ε−2

m∑

c=N+1

(
m
c

)
γ2

(
n
c

)
c!

≤ ε−2
∞∑

c=N+1

γ2c

c!
= ε−2 αN → 0

as N → ∞, which entails

̺(Z(n),S
(n)
N ) ≤ 3

√
αN → 0,

uniformly in n, as N → ∞ and hence, by (4.17) that ̺(Z(n),G∞) → 0 as
n → ∞.

Thus, we conclude that Z(n) converges weakly to G∞ in DR.

For the proof in the case λ = 0, let us observe that

√
n

m

m∑

c=1

(
m

c

)
U (m,n)

c (t) =
W

(n)
1 (t)√
mn

+ R(m,n)(t),

where

R(m,n)(t) =

√
n

m

m∑

c=2

(
m

c

)
U (m,n)

c (t).

Observe that due to the independence of columns of the matrix X the pro-
cess (R(m,n)(t)) is a martingale for fixed values of m, n. Consequently, by the
maximal inequality we get

P ( sup
t∈[0,1]

|R(m,n)(t)| > ε) ≤ ε−2 V ar R(m,n)(1) = ε−2 n

m

m∑

c=2

(
m

c

)
γ2c

(
n

c

)
c!

≤ m

n
exp(γ2) → 0

since m/n → ∞ as n → ∞ and conclude that (R(m,n)(t)) converges to
zero in probability in DR. Hence, the final result follows now directly by
Theorem 4.6.1. ⊓⊔
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A quick inspection of the proof of the second part of the theorem reveals
that a slight modification of the argument shows validity of the second part
of the hypothesis also for m remaining fixed. In particular, let us note that
for m = 1 we obtain simply Donsker’s theorem (Theorem 4.3.1).

The result of Theorem 4.7.1 is complemented with the corresponding one
in the case when ρ > 0.

Theorem 4.7.2. Assume that ρ > 0 and, as before, let (Bt)t∈[0,1] denote the
standard Brownian motion.

If m2/n → λ > 0 as n → ∞ then

(Per X (m,n)(t))t∈[0,1](
n
m

)
m! µm

d→
(
exp

(√
λρ γBt − λρ tγ2

))

t∈[0,1]
in DR.

If m2/n → 0 and m = mn → ∞ as n → ∞ then

√
n

m

(
(Per X(m,n)(t))t∈[0,1](

n
m

)
m!µm

− 1

)
d→ √

ρ γ(Bt)t∈[0,1] in DR.

Proof. The proof of the result parallels, to large extent, that of Theorem 4.7.1.
As before, consider first the case λ > 0. For any n and N such that N < mn

define a process S
(n)
N = (S

(n)
N (t))t∈[0,1] by

S
(n)
N (t) = 1 +

N∑

c=1

(
m

n

)
U (m,n)

c (t) = 1 +

N∑

c=1

(
√

m n)c

(
n
c

)
c!

W
(n)
c (t)

(
√

m n)c
.

Observe that by the second assertion of Theorem 4.6.1 it follows that

S
(n)
N

d→ GN =

(
N∑

c=0

(λρ tγ2)c/2

c!
Hc(Bt/

√
t)

)

t∈[0,1]

in DR as n → ∞, since for any c = 1, 2, . . .

(
√

n m)c

(
n
c

)
c!

→ λc/2.

Define also a process T
(n)
N = (T

(n)
N (t))t∈[0,1] by

T
(n)
N (t) =

mn∑

c=N+1

(
m

c

)
U (m,n)

c (t).

And let G∞ = (G∞(t))t∈[0,1] be defined by

(G∞(t))t∈[0,1] =

( ∞∑

c=0

(λρ tγ2)c/2

c!
Hc(Bt/t)

)

t∈[0,1]

= exp
(√

λρ γBt − λρ tγ2
)

t∈[0,1]
.
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As before, if ̺ denotes the Prokhorov distance between the random elements
in DR, then

̺(Z(n),G∞) ≤ ̺(Z(n),S
(n)
N ) + ̺(S

(n)
N ,GN ) + ̺(GN ,G∞).

where Z(n) = S
(n)
N + T

(n)
N . In order to complete the argument along the lines

of the first part of the proof of Theorem 4.7.1 we only need to argue that for
any ε > 0

P ( sup
t∈[0,1]

|T (n)
N (t)| > ε) → 0,

uniformly in n as N → ∞. To this end note that again by the martingale
property and the maximal inequality as well as by the relations (3.14) and
(3.15)

P ( sup
t∈[0,1]

|T (n)
N (t)| > ε)

≤ ε−2V ar T
(n)
N (1) = ε−2 n

m2

m∑

c=N+1

(
m
c

)
γ2c

(
n
c

)
c∑

r=0

1

r!

(
m − r

c − r

)
(1 − ρ)rρc−r

≤ ε−2 exp(1)

m∑

c=N+1

(
m2

n

)c
γ2c

c!
,

in view of the inequalities, by now familiar,
(
m−r
c−r

)
≤
(
m
c

)
and c!

(m
c )

2

(n
c)

≤
(

m2

n

)c

for 0 ≤ r ≤ c ≤ m. Therefore, for n large enough to have m/n ≤ 2λ

P ( sup
t∈[0,1]

|T (n)
N (t)| > ε) ≤ ε−2 exp(1)

∞∑

c=N+1

(2λγ2)c

c!
= ε−2

Consequently, the result follows since αN → 0 as N → ∞.

The proof in the case λ = 0, follows similarly to the second part of the
proof of Theorem 4.7.1 with obvious modifications. Consider

√
n

m

m∑

c=1

(
m

c

)
U (m,n)

c (t) =
W

(n)
1 (t)

m
√

n
+ R(m,n)(t),

where

R(m,n)(t) =

√
n

m

m∑

c=2

(
m

c

)
U (m,n)

c (t).

The process (R(m,n)(t)) is a martingale for fixed values of m, n and thus

P ( sup
t∈[0,1]

|R(m,n)(t)| > ε) ≤ ε−2V ar R(m,n)(1) → 0,



86 4 Weak Convergence of Permanent Processes

follows, in view of

V ar Rm,n(1) ≤ m2

n
exp(1 + γ2)

if only n is large enough to have m2/n < 1. To end the proof we refer again
to the final part of the proof of Theorem 4.7.1. ⊓⊔

As before, let us note that the above result remains valid for m being a
constant (see the remark after the proof of Theorem 4.7.1).
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5

Weak Convergence of P -statistics

In this chapter we shall prove a result on the weak convergence of generalized
permanents which extends the results on random permanents presented in
Chapter 3. Herein we return to the discussions of Chapter 1 where we intro-
duced a matrix permanent function as a way to describe properties of perfect
matchings in bipartite graphs. Consequently, the asymptotic properties which
will be developed in this chapter for P -statistics can be immediately trans-
lated into the language of the graph theory as the properties of matchings
in some bipartite random graphs. This will be done in Section 5.3, where
we shall revisit some of the examples introduced in Chapter 1. In order to
establish the main results of this chapter we will explore the path connecting
the asymptotic behavior of U - and P -statistics. An important mathemati-
cal object which will be encountered here is a class of real random variables
known as multiple Wiener-Itô integrals. The concept of the Wiener-Itô integral
is related to that of a stochastic integral with respect to martingales intro-
duced in Chapter 4, though its definition adopted in this chapter is somewhat
different - it uses Hermité polynomial representations. It will be introduced in
the next section. We shall start our discussion of asymptotics for P -statistics
by first introducing the classical result for U -statistics with fixed kernel due to
Dynkin and Mandelbaum, then obtaining a limit theorem for U -statistics with
kernels of increasing order, and finally extending the latter to P -statistics.

The main theoretical results herein are given in Section 5.2 as Theo-
rems 5.2.1 and 5.2.2 and describe the asymptotics for P -statistics of random
matrices with independent identically distributed random entries as the num-
ber of columns and rows increases. The result of Theorem 5.2.2 is used in
Section 5.3 in order to derive some asymptotic distributions for several func-
tions of perfect matchings in random bipartite graphs under the assumption
that the corresponding matrices of weights X have independent and iden-
tically distributed entries (e.g., the edges appear randomly or are randomly
colored). Throughout this chapter we therefore strengthen the exchangeability
assumptions on the entries of matrix X (∞) given by (A1)-(A2) in Chapter 1
to that of independence and identical distribution of the entries.
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5.1 Multiple Wiener-Itô Integral as a Limit Law

for U -statistics

5.1.1 Multiple Wiener-Itô Integral of a Symmetric Function

In this section we introduce the multiple Wiener-Itó integral, the object which
appears as the limit in distribution for properly normalized P -statistics.

Let X be a random variable on a probability space (Ω,F , P ) having
the distribution ν. Let J = {J1(φ) : φ ∈ L2(R,B, ν)} be a Gaussian sys-

tem (possibly on a different probability space (Ω̃, F̃ ,P) with the expecta-
tion operator denoted by E) with zero means, unit variances and covariances
E(J1(φ)J1(ψ)) = E(φ(X)ψ(X)) for any φ, ψ ∈ L2(R,B, ν).

For any functions fi : Ui → V , where Ui is an arbitrary set and V is
an algebraic structure with multiplication, i = 1, . . . , m, the tensor product
f1 ⊗ . . . ⊗ fm : U1 × . . . × Um → V is defined as

f1 ⊗ . . . ⊗ fm(x) = f1(x1) . . . fm(xm)

for any x = (x1, . . . , xm) ∈ U1× . . .×Um. In particular, for f : U → V we have

f⊗m(x) = f(x1) . . . f(xm)

for any x = (x1, . . . , xm) ∈ Um.
For φ⊗m, where φ ∈ L2(R,B, ν) is such that Eφ(X) = 0 and Eφ2(X) = 1,

the m-th multiple Wiener-Itô integral Jm is defined as

Jm(φ⊗m) =
1√
m!

Hm (J1(φ)) ,

where Hm is the m-th monic Hermité polynomial (see Definition 3.2.2).
Moreover the linearity property is imposed on Jm, i.e. for any φ, ψ ∈

L2(R,B, ν), such that E φ(X) = 0 = E ψ(X) and E φ2(X) = 1 = E ψ2(X)
and for any real numbers a and b it is required that

Jm(aφ⊗m + bψ⊗m) = aJm(φ⊗m) + bJm(ψ⊗m).

Consequently, Jm is linear on the space

T (m)
s = span

(
φ⊗m : φ ∈ L2(R,B, ν), E φ(X) = 0, E φ2(X) = 1

)

which is a subspace of the space of symmetric functions L2
s(R

m,Bm, νm) ⊂
L2(Rm,Bm, νm). Here Bm is the Borel σ-algebra in Rm and νm = ν⊗m is the
product measure.

As noted in Chapter 3 Section 3.2.3 it is well known that Hermité polyno-
mials are orthogonal basis in the space L2(R,B, PN ), where N is a standard
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normal variable and E(H2
m(N )) = m!, m = 0, 1, . . . Note that for any φ, ψ ∈

L2(R,B, ν), such that E φ(X) = 0 = E ψ(X) and E φ2(X) = 1 = E ψ2(X)

m!E J2
m

(
aφ⊗m + bψ⊗m

)
= m!E

(
aJm(φ⊗m) + bJm(ψ⊗m)

)2

= a2 E H2
m(J1(φ)) + 2ab E Hm(J1(φ))Hm(J1(ψ)) + b2 E H2

m(J1(ψ)).

To continue the computations, we need to recall the classical Mehler for-
mula (see, for instance, Bryc 1995, theorem 2.4.1). It says that for a bivariate
Gaussian vector (X, Y ) with E(X) = E(Y ) = 0, E(X2) = E(Y 2) = 1 and
E(XY ) = ρ the joint density f of (X, Y ) has the form

f(x, y) =

∞∑

k=0

ρk

k!
Hk(x)Hk(y)fX(x)fY (y), (5.1)

where fX(x) = fY (x) = 1√
2π

exp
(
−x2

2

)
is the marginal density of X and Y .

Note that (5.1) yields

E(Hm(X)|Y ) = ρmHm(Y )

for any m = 1, 2, . . .. This is easily visible since for any bounded Borel function
g by orthogonality of Hermité polynomials we have

E E(Hm(X)|Y )g(Y ) = E Hm(X)g(Y )

=

∫

R

∫

R

Hm(x)g(y)

( ∞∑

k=0

ρk

k!
Hk(x)Hk(y)fX(x)fY (y)

)
dxdy

=

∫

R

∫

R

g(y)
ρm

m!
H2

m(x)Hm(y)fX(x)fY (y) dxdy

=

∫

R

ρmHm(y)g(y)fY (y) dy = ρmE Hm(Y )g(Y ).

Thus

E J2
m(aφ⊗m +bψ⊗m) = a2

[
E φ2(X)

]m
+2ab [E φ(X)ψ(X)]

m
+b2

[
E ψ2(X)

]m

= E

(
a

m∏

i=1

φ(Xi) + b

m∏

i=1

ψk(Xi)

)2

= E
[(

aφ⊗m + bψ⊗m
)
(X1, . . . , Xm)

]2
,

where X1, . . . , Xm are independent copies of X (with distribution ν).
From the preceding computation it follows that Jm is a linear isometry

between the space T (m)
s and the subspace Jm

(
T (m)

s

)
of L2(Ω̃, F̃ ,P).

In our next step leading to a definition of a multiple Wiener-Itô inte-

gral we shall prove that the space T (m)
s is dense in the symmetric subspace

L2
s(R

m,Bm, νm). To this end we need an auxiliary result which will be used in
the expansion for symmetric functions given later in Proposition 5.1.1. Recall
that Sm denotes the set of all possible permutations of the set {1, . . . , m}.
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Lemma 5.1.1. Let a1, . . . , am ∈ V , where V is a linear space. Then

2m
∑

σ∈Sm

aσ(1) ⊗ . . . ⊗ aσ(m) =
∑

ε∈{−1,1}m

(
m∏

i=1

εi

)(
m∑

i=1

εiai

)⊗m

, (5.2)

Proof. Note that the right hand side of (5.2) can be written as

R =
∑

ε∈{−1,1}m

(
m∏

i=1

εi

)
∑

i∈{1,...,m}m

(
m∏

r=1

εir

)
(ai1 ⊗ . . . ⊗ aim

)

=
∑

i∈{1,...,m}m

(ai1 ⊗ . . . ⊗ aim
)

∑

ε∈{−1,1}m

(
m∏

i=1

εi

)(
m∏

r=1

εir

)

with ε = (ε1, . . . , εm) and i = (i1, . . . , im). But

m∏

r=1

εir
=

m∏

i=1

εδi

i ,

where
δi = #{j ∈ {i1, . . . , im} : j = i}, i = 1, . . . , m.

Moreover, we have

∑

ε∈{−1,1}m

(
m∏

i=1

εi

)(
m∏

i=1

εδi

i

)
=

∑

ε∈{−1,1}m

m∏

i=1

ε1+δi

i =

m∏

i=1

⎛

⎝
∑

εi∈{−1,1}

ε1+δi

i

⎞

⎠

=

{
2m, if ∀i ∈ {1, . . . , m} δi = 1,

0, otherwise.

Thus

R = 2m
∑

i∈{1,...,m}m

(ai1 ⊗ . . . ⊗ aim
) I({i1, . . . , im} = {1, . . . , m})

= 2m
∑

σ∈Sm

aσ(1) ⊗ . . . ⊗ aσ(m).
�

With the result of the lemma established we may now prove that T
(m)

s is
dense in L2

s(R
m,Bm, νm).

Proposition 5.1.1. There exists a basis (ψr) in L2(R,B, ν) such that for any

f ∈ L2
s(R

m,Bm, νm)

f =
∞∑

r=1

αrψ
⊗m
r (5.3)
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where (αr) is a sequence of real numbers such that the double series

||f ||2 =

∞∑

r,s=1

αrαsρ
m(r, s) < ∞, (5.4)

where ρ(r, s) = E(ψr(X)ψs(X)).

Proof. Since f is symmetric we have

f(x1, . . . , xm) =
1

m!

∑

σ∈Πm

f(xσ(1), . . . , xσ(m)).

Now, from the theory of Hilbert spaces, it follows that there exists an orthonor-
mal basis (φr) in L2(R,B, ν) such that

f(x1, . . . , xm) =
1

m!

∑

σ∈Sm

∑

i∈Nm

βi

m∏

l=1

φil
(xσ(l))

=
1

m!

∑

i∈Nm

βi

∑

σ∈Sm

m∏

l=1

φil
(xσ(l))

=
1

m!

⎛
⎝
∑

i∈Nm

βi

∑

σ∈Sm

φiσ(1)
⊗ . . . ⊗ φiσ(m)

⎞
⎠ (x1, . . . , xm),

with
∑

i∈Nm β2
i < ∞. By Lemma 5.1.1 we have

f =
1

2mm!

∑

i∈Nm

βi

∑

ε∈{−1,1}m

(
m∏

l=1

εl

)(
m∑

l=1

εlφil

)⊗m

=
∑

i∈Nm, ε∈{−1,1}m

βi

∏m
l=1 εl

2mm!

(
m∑

l=1

εlφil

)⊗m

.

Define

cm(i, ε) =

∣∣∣∣∣

∣∣∣∣∣

m∑

l=1

εlφil

∣∣∣∣∣

∣∣∣∣∣

2

= m + 2
∑

1≤r<s≤m

εiεjδ(ir = is).

Then we have
f =

∑

i∈Nm, ε∈{−1,1}m

α(i,ε) ψ⊗m
(i,ε) ,

where

α(i,ε) =

√
cm(i, ε)βi

∏m
l=1 εl

2mm!
and ψ(i,ε) =

1√
cm(i, ε)

m∑

l=1

εlφil
.

Note that (ψ(i,ε))(i,ε) is a basis in L2(R,B, ν) and the double series of
(α(i,ε))(i,ε) is summable, that is (5.4) holds. ⊓⊔
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It is obvious that in the expansion (5.3) the elements of the basis (ψk)
can be taken as standardized, that is except of

∫
R

ψk(x) ν(dx) = 0 also
∫
R

ψ2
k(x) ν(dx) = 1, k = 1, 2, . . .

In view of the above result the multiple Wiener-Itô integral Jm(f) for
any symmetric function from the space L2

s(R
m,Bm, νm) may be now defined

through the unique extension of the linear isometry Jm from the space T (m)
s

to the whole symmetric space L2
s(R

m,Bm, νm). Thus, Jm is identified with
the unique functional on the Gaussian system J such that

E(J2
m(f)) = E(f2(X1, . . . , Xm)) for any f ∈ L2

s(R
m,Bm, νm) (5.5)

Moreover Jm(f) can be expanded as a series of Hermité polynomials.

Proposition 5.1.2. Let (φk) be a standardized basis in L2(R,B(R), ν) such
that for any symmetric function f ∈ L2(Rm,Bm, νm)

f =
∞∑

r=1

αrφ
⊗m
r .

Then

Jm(f) =

∞∑

r=1

αrHm(J1(φr)), (5.6)

Proof. To prove the result it suffices to show that (5.5) holds for Jm(f) defined
by (5.6). But we have

m!E(J2
m(f)) =

∞∑

r,s=1

αrαsE [Hm(J1(φr))Hm(J1(φs))] = m!
∞∑

r,s=1

αrαsρ
m(r, s),

where ρ(r, s) = E(φr(X)φs(X)).
On the other hand

E(f2(X1, . . . , Xm)) =

∞∑

r,s=1

αrαs (E[φr(X)φs(X)])
m

.

Now the result follows by the definition of the quantities ρ(r, s). �

5.1.2 Classical Limit Theorems for U-statistics

Let (Xk)k≥1 be a sequence of independent identically distributed random

variables. Let h ∈ L
(m)
s be a symmetric kernel. Consider the corresponding

U -statistic

U (m)
n (h) =

(
n

m

)−1

[πn
m(h)] (X1, . . . , Xn) (5.7)
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with its H-decomposition

Un(h) − E Un(h) =

m∑

c=r

(
m

c

)(
n

c

)−1

[πn
c (gc)] (X1, . . . , Xn) (5.8)

where (see (1.11))

gc(x1, . . . , xc) =

c∑

i=1

(−1)c−i
∑

1≤j1<...<ji≤c

h̃i(xj1 , . . . , xji). (5.9)

with h̃c = hc − E(h) and

hc(x1, . . . , xc) = E(h(x1, . . . , xc, Xc+1, . . . , Xm))

for c = 1, 2, . . . , m. We may write the complete degeneracy property of gc

(1.12) more concisely as

E gc(x1, . . . , xc−1, Xc) = 0, c = 1, 2, . . . , m, (5.10)

for any x1, . . . , xm.
Recall that the number r − 1 in (5.8) is the degeneration (or degeneracy)

level of the U -statistic where r = min{c ≥ 1 : hc �≡ 0}. In what follows we
also refer to r as non-degeneracy level. It appears that the non-degeneracy
level is essential for the limiting behavior of U -statistics.

For r = 1 it was proved by Hoeffding (1948) that

√
n[Un(h) − E(Un(h))]

d→ mN (0, Eg2
1(Y1)).

The case of r = 2 waited for over three decades, until Serfling (1980)
showed that

n(Un(h) − E(Un(h)))
d→
(

m

2

) ∞∑

k=1

λk(Zk − 1),

where (Zk) is a sequence of independent chi-square with one degree of freedom
random variables, and (λk) are defined by the decomposition of g2:

g2(x1, x2) =
∞∑

k=1

λkφk(x1)φk(x2),

where (φk) is an orthonormal basis in L2(R,B, ν), ν being the common dis-
tribution of Xi’s. Dynkin and Mandelbaum (1983) considered the case of an
arbitrary r ≥ 1. They showed that

(
m

r

)−1

nr/2(Un(h) − E(Un(h))
d→ Jr(gr), (5.11)

where Jr is the r-th multiple Wiener-Itô integral as defined in in the previous
section.
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5.1.3 Dynkin-Mandelbaum Theorem

This section is devoted to the detailed proof of the Dynkin and Mandelbaum
theorem. The proof we offer is more elementary than the original one.

Theorem 5.1.1. Let (Xn) be a sequence of iid rv’s. Let Un, n = m, m+1, . . .,
be a U -statistic for the sequence (Xn) defined by (5.7) (we assume that m is
fixed for all n’s). Assume that the non-degeneracy level of the kernel h is r
and that E(g2

r) < ∞. Then the convergence (5.11) holds.

Proof. Note that by the representation (5.8) we have

(
m

r

)−1

nr/2 (Un − E(Un)

=

(
m

r

)−1

nr/2
m∑

k=r+1

(
m

k

)(
n

k

)−1

πn
k (gk) + nr/2

(
n

r

)−1

πn
r (gr).

The first term, we call it Rn, in the above sum converges in probability to
zero. This is due to the following computation of its variance based on the
orthogonality of gk’s and the property (5.10)

V ar(Rn) =

(
m

r

)−2

nr
m∑

k=c+1

(
m

k

)2(
n

k

)−2

V ar(πn
k (gk))

=

(
m

r

)−2

nr
m∑

k=r+1

(
n

k

)−1

E(g2
k).

Due to the obvious inequality n(n − 1) . . . (n − k + 1) > (n/2)r+1 valid for
k > r and n sufficiently large we have

V ar(Rn) ≤ A

n

with

A = 2r+1

(
m

r

)−2 m∑

k=r+1

(
m

k

)2

k!E(g2
k).

Thus we have to show that

nr/2

(
n

r

)−1

πn
r (gr)

d→ Jr(gr).

Note that we can expand gr as in Proposition 5.1.1, i.e.

gr(x1, . . . , xr) =

∞∑

k=1

αkψk(x1) . . . ψk(xr),
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where E(ψk(Xi)) = 0 and E(ψ2
k(Xi)) = 1, k = 1, 2, . . .. Moreover

∞∑

j,k=1

αjαkρr(j, k) = E(g2
r) < ∞, (5.12)

with ρ(j, k) =
∫

ψj(x)ψk(x) dP (x) - see Prop. 5.1.1. Now, for any K we have

nr

(
n

r

)−2

E

⎛
⎝

∞∑

k=K+1

αk

∑

1≤j1<...<jr≤n

ψk(Xj1) . . . ψk(Xjr )

⎞
⎠

2

= nr

(
n

r

)−1 ∞∑

j,k=K+1

αjαkρr(j, k).

Since the first term is bounded uniformly with respect to n then by (5.12) it
follows that the above quantity converges to zero as K → ∞ uniformly in n.
Hence

nr/2

(
n

r

)−1 ∞∑

k=K+1

αk

∑

1≤j1<...<jr≤n

ψk(Xj1) . . . ψk(Xjr )
P→ 0

as K → ∞ uniformly in n. Thus to study the limiting behaviour of nr/2
(
n
r

)−1

πn
r (gr) it suffices to consider the finite sum

n−r/2r!

K∑

k=1

αk

∑

1≤j1<...<jr≤n

ψk(Xj1) . . . ψk(Xjr ).

Note that the inner sum is the elementary symmetric polynomial Sn(r) in

variables ψk(X1), . . . , ψk(Xn), which will be denoted by S
(k)
n (r).

Due to the recursion formula for the elementary symmetric polynomials
(see Lemma 3.2.1) which can be rewritten as

cS(k)
n (c) =

c−1∑

d=0

(−1)dS(k)
n (c − d − 1)

n∑

j=1

ψd+1
k (Xj), k = 1, . . . , K, (5.13)

it follows that for any c = 1, 2, . . . there exists a function Fc of c variables
such that for any n

c!n−c/2S(k)
n (c) = Fc

(
n−j/2

n∑

i=1

ψj
k(Xi), j = 1, . . . , c

)
, k = 1, . . . , K.

Moreover, it follows from (5.13) that

Fc(x, 1, 0, . . . , 0) = xFc−1(x, 1, 0, . . . , 0) − (c − 1)Fr−2(x, 1, 0, . . . , 0), c = 1, 2, . . . ,
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with F−1(x, 1, 0, . . . , 0) = 0 and F0(x, 1, 0, . . . , 0) = 1. Consequently, see the
recurrence for Hermité polynomials given in (3.7), Fc(x, 1, 0, . . . , 0) is a monic
Hermité polynomial Hc, c = 0, 1, . . ..

Note that, by the classical central limit theorem the weak convergence
(

1√
n

n∑

i=1

ψk(Xi), k = 1, . . . , K

)
d→ (J1(ψk), k = 1, . . . , K)

holds for any K. Additionally, by the weak law of large numbers, it follows
that (

1

n

n∑

i=1

ψ2
k(Xi), k = 1, . . . , K

)
P→ (1, . . . , 1)

and for j > 2 (see the weak law of large numbers - Theorem 3.2.4)
(

1

nj/2

n∑

i=1

ψj
k(Xi), k = 1, . . . , K

)
P→ (0, . . . , 0).

Consequently, since Fr is continuous, it further follows that

n−r/2r!

K∑

k=1

αk

∑

1≤j1<...<jr≤n

ψk(Xj1) . . . ψk(Xjr )
d→

K∑

k=1

αkHr(J1(ψk)).

Note that, by (5.12) the variance of the tail

V ar

( ∞∑

k=K+1

αkHr(J1(ψk))

)
=

∞∑

j,k=K+1

αjαkρr(j, k) → 0

as K → ∞. Thus the sequence
(∑K

k=1 αkHr(J1(ψk))
)

converges in probabil-

ity to Jr(gr) as K → ∞. ⊓⊔

5.1.4 Limit Theorem for U-statistics of Increasing Order

If the order m of the kernel h = hm of the U -statistic Un(h) = U
(m)
n increases

with n → ∞ in such a way that m/
√

n → λ ≥ 0 then under certain assump-
tions on the elements of the Hoeffding decomposition gm,c the limiting distri-

bution of U
(m)
n as n → ∞ can be represented as the distribution of a multiple

Wiener-Itô integral (in the case λ = 0) or as an infinite sum of multiple
Wiener-Itô integrals (in the case λ > 0). Such results were originally stated by
Korolyuk and Borovskikh (1990). Their derivations were based upon reducing
the problem to the main theorem of Dynkin and Mandelbaum (1983) paper,
which describes the limit of an infinite series of normalized elements of the
Hoeffding decomposition. Below we shall prove analogous results in a simpler
way, exploring the techniques which were developed in earlier chapters.

We start with the result for λ = 0. Here the proof borrows a lot from the
proof of the Dynkin-Mandelbaum theorem of the previous section.
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Theorem 5.1.2. Let (Xi) be a sequence of iid rv’s. Let (U
(mn)
n ) be a sequence

of U -statistics defined for (Xi) such that they have the same non-degeneracy
level r. Assume that m2

n/n → λ > 0. Assume that Eh2
mn

< ∞ n = 1, 2, . . .
and that E(gmn,r − gr)

2 → 0 as n → ∞ for a function gr : Rr → R satisfying
(5.10). Let

mn∑

k=r+1

(
m2

n

n

)k−r

k!
E g2

mn,k → 0. (5.14)

Then (
mn

r

)−1

nr/2
[
U (mn)

n − E
(
U (mn)

n

)]
d→ Jr(gr).

Proof. As in the proof of Theorem 5.1.1 we decompose the normalized U -
statistic as

(
m

r

)−1

nr/2
(
U (k)

n − E(U (k)
n

)
= Rn + nr/2

(
n

r

)−1

πn
r (gmn,r),

where

Rn =

(
mn

r

)−1

nr/2
mn∑

k=r+1

(
mn

k

)(
n

k

)−1

πn
k (gmn,k).

Note that

V ar(Rn) =

(
mn

r

)−2

nr
mn∑

k=r+1

(
mn

k

)2(
n

k

)−1

E g2
mn,k

as well as, for any k = r + 1, . . . , mn

(
mn

r

)−2(
mn

k

)2

≤
(

r!

k!

)2

m2(k−c)
n

and

nr

(
n

k

)−1

≤
(

n

n − r + 1

)r
1

(n − r) . . . (n − k + 1)

≤
(

n

n − r + 1

)r (
n

n − mn

)mn 1

nk−r
.

Since the first two terms on the right hand side of the last inequality are
bounded (each converges to 1), then it follows that

(
mn

r

)−2

nr

(
mn

k

)2(
n

k

)−1

≤ C

(
m2

n/n
)k−r

k!
,

where C is a constant. Consequently, by (5.14) it follows that V ar(Rn) → 0.
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Since, as in the proof of Theorem 5.1.1 it follows that

nr/2

(
n

r

)−1

πn
r (gr)

d→ Jr(gr),

it suffices to show that

nr/2

(
n

r

)−1

(πn
r (gmn,r) − πn

r (gr))
P→ 0.

This follows from the fact that the second moment of this difference is

nr

(
n

r

)−1

E (gmn,r − gr)
2 ≤

(
n

n − r + 1

)r

E (gmn,r − gr)
2

and thus, the assumption of the theorem implies that it converges to 0. ⊓⊔

The analogous result for λ > 0 is somewhat more difficult. In particular,
an infinite series of multiple Wiener-Itô integrals appears in the limit.

Theorem 5.1.3. Let (Xi) be a sequence of iid rv’s. Let (U
(mn)
n ) be a sequence

of U -statistics defined for (Xi) such that they have the same non-degeneracy
level r. Assume that m2

n/n → λ > 0. Assume that Eh2
mn

< ∞ n = 1, 2, . . .,
and that there exists a sequence of functions g = (gk) such that gk is a sym-
metric function on Rk satisfying (5.10), k = r, r + 1, . . .. Moreover, let

∞∑

k=r

λk

k!
E g2

k < ∞ and
∞∑

k=r

(
m2

n

n

)k

k!
E g2

k < ∞ uniformly in n

(5.15)
and

mn∑

k=r

(
m2

n

n

)k

k!
E (gmn,k − gk)2 → 0. (5.16)

Then

Zn = U (mn)
n − E

(
U (mn)

n

)
d→

∞∑

k=r

λk/2

k!
Jk(gk).

Proof. Consider first the random variable

SN,n =

N∑

k=r

(
m

k

)(
n

k

)−1

π
(n)
k (gk) =

N∑

k=r

∞∑

j=1

αj,k

(
m

k

)(
n

k

)−1

π
(n)
k ψ⊗k

j ,

where gk =
∑∞

j=1 αk,jψ
⊗k
j , k = r, . . . , N and m = mn. Note that the sequence

(ψj) is common for all k’s. This is possible by defining it for the largest
space L2(RN ,B(RN), P⊗N

X ). Moreover, E(ψj(Xi)) = 0 and E(ψ2
j (Xi)) = 1,

j = 1, 2, . . ..
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Since the above sum with respect to k is finite, similarly as in the proof of
the previous result it follows that

N∑

k=r

∞∑

j=K+1

αj,k

(
m

k

)(
n

k

)−1

π
(n)
k ψ⊗k

j
P→ 0

as K → ∞ uniformly in n. Thus using the fact the m2/n → λ and properties
of elementary symmetric polynomials as in the previous proof we get

N∑

k=r

K∑

j=1

αj,k

(
m√
n

)k (m
k

)

mk

(
√

n)k

(
n
k

) π
(n)
k ψ⊗k

j
d→

N∑

k=r

K∑

j=1

αj,kλk/2Hk(J1(ψj))

Note that as K → ∞ the right hand side of the above expression converges
in probability (see the previous proof) to

∑N
k=r λk/2Jk(gk).

Note that by orthogonality (5.10) we have

An = E

(
m∑

k=r

(
m
k

)
(
n
k

) π
(n)
k (gm,k − gk)

)2

=
m∑

k=r

(
m
k

)2
(
n
k

) E(gm,k − gk)2.

Thus the inequality m2/n > (m− 1)2/(n− 1) and the condition (5.16) imply

An ≤
m∑

k=r

(
m2

n

)k

k!
E (gm,k − gk)2 → 0.

Moreover, the second part of (5.15) implies that

∞∑

k=m+1

(
m2

n

)k

k!
Eg2

k → 0.

Consequently,

m∑

k=r

(
m
k

)
(
n
k

) π
(n)
k gm,k and

∞∑

k=r

(
m
k

)
(
n
k

) πn
k (gk)

are asymptotically (as n → ∞) equivalent in distribution.

Note also that
∑∞

k=N
λk/2

k! Jk(gk) converges in probability to 0 as N → ∞:
by the orthogonality of gk’s and properties of the multiple Wiener-Itô integral
(see, Dynkin and Mandelbaum 1983, formula (2.2)) we get

E

( ∞∑

k=N

λk/2

k!
Jk(gk)

)2

=

∞∑

k=N

λk

k!
E g2

k,

which by (5.15) converges to 0 with N → ∞.
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Finally, we consider

TN,n =

m∑

k=N+1

(
m
k

)
(
n
k

) πn
k (gk).

Observe that by the orthogonality of gk’s

E(T 2
N,n) =

m∑

k=N+1

(
m
k

)2
(
n
k

) E(g2
k) ≤

m∑

k=N+1

(
m2

n

)k

k!
E(g2

k)

and thus by the second part of (5.15) it follows that TN,n converges in prob-
ability (uniformly in n) as N → ∞ to 0.

Since for any ε > 0 and any x ∈ R we have

P (SN,n ≤ x−ε)−P (|TN,n| > ε)≤P (Zn ≤ x)≤P (SN,n≤x+ε)+P (|TN,n| > ε),

the relations which has already been used in Chapter 3, the result follows
because of the asymptotic properties of SN,n and TN,n derived in the course
of the proof.

5.2 Asymptotics for P -statistics

Let Mm×n be the space of m× n matrices with real entries and let h ∈ L
(m)
s .

Further, let X (m,n) be a random matrix assuming values in Mm×n with iid
entries. Let E(|h(m)|) < ∞. Then from Theorem 2.2.1 we obtain for the
associated generalized permanent function (under slightly different notation)

Per
(m,n)

h(m) X
(m,n) = E

(
Per

(m,n)

h(m) X
(m,n)

)
+ m!

(
n

m

) m∑

k=1

(n − k)!

n!
W (m,n)

gm,k
,

where

W (m,n)
gm,k

=
∑

1≤i1<...<ik≤m

∑

1≤j1<...<jk≤n

∑

σ∈Πm

gm,k

(
Xiσ(1),j1 , . . . , Xiσ(k),jk

)

and

gm,k(w1, . . . , wc)

=

∫

Rm

h(m)(z1, . . . , zm)

(
k∏

r=1

(δwr (dzr) − PX(dzr))

)(
m∏

s=k+1

PX(dzs)

)

for PX being the distribution of X1,1. Recall that, similarly as for U -statistics,

we say that r is non-degeneracy level of P -statistics if g
(m)
k ≡ 0 for k < r and

g
(m)
r �≡ 0.
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The main object of this section is to prove limit theorems for P -statistics
with mn/n → λ ≥ 0. Similarly, as for U -statistics, two cases λ = 0 and λ > 0,
differ and they are treated separately. However in both cases the asymptotic
behaviour of the sequence of centered and normalized P -statistics

⎛
⎝

Per
(mn,n)

h(mn) (X (mn,n)) − E
(

Per
(mn,n)

h(mn) (X (mn,n))
)

(
n

mn

)
mn!

⎞
⎠

n

is compared to the asymptotics of respective U -statistics.
Again, as for U -statistics, we start with the case λ = 0.

Theorem 5.2.1. Let (X (mn,n)) be a sequence of matrices in Mmn×n embed-
ded in an infinite matrix X (∞) of iid entries. Assume mn/n → 0. Consider a

sequence of P -statistics
(
Per

(mn,n)

h(mn) (X (mn,n))
)

with a common level of non-

degeneracy equal to r. Assume that E
[
(h(mn))2

]
< ∞, n = 1, 2, . . ., and that

mn∑

k=r+1

(
mn

n

)k−r

k!
E g2

mn,k → 0 . (5.17)

Assume also that E(gmn,r − gr)
2 → 0 as n → ∞ for a symmetric function

gr : Rr → R satisfying (5.10).
Then

r!

(
n

mn

)r/2 Per
(mn,n)

h(mn) (X (mn,n)) − E
(
Per

(mn,n)

h(mn) (X (mn,n))
)

(
n

mn

)
mn!

d→ Jr(gr).

Proof. Write m = mn. Consider a U -statistic U
(m)
mn with the kernel hm based

on an iid sample of mnn random variables: X1,1, . . . , Xm,n. Then m2/(mn) =
m/n → λ. Consequently, the assumptions of Theorem 5.1.2 are satisfied (with
n changed into mn) and thus

(
m

r

)−1

(mn)r/2
(
U (mn)

mn − E(U (m)
mn )

)
d→ Jr(gr).

To complete the proof we will argue that

r!nr/2
[
Per

(m,n)

h(m) (X (m,n)) − E
(
Per

(m,n)

h(m) (X (m,n))
)]

mr/2
(

n
m

)
m!

−
(mn)r/2

[
U

(m)
mn − E(U

(m)
mn )

]

(
m
r

)

= Ωn(gm)
P→ 0.
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Note that symmetry of the kernels gm,k’s entails

Cov

(
(k!)−1

(
n

k

)−1

W (m,n)
gm,k

,

(
m

k

)(
mn

k

)−1

πk
mn(gm,k)

)

= V ar

((
m

k

)(
mn

k

)−1

πk
mn(gm,k)

)
=

(
m
k

)2
(
mn
k

)E(g2
m,k) (5.18)

for any k = r, r + 1, . . . , m. Note also that by (2.13) it follows that

V ar

(
(k!)−1

(
n

k

)−1

W (m,n)
gm,k

)
=

(
m
k

)
(
n
k

) 1

k!
E(g2

m,k). (5.19)

We will show that Ωn converges to 0 in L2. By orthogonality of (gm,k) it
follows that

V ar Ωn(gm) =
( n

m

)r m∑

k=r

V ar

(
r!

Wgm,k

k!
(
n
k

) − mr
(
m
k

)
πk

mn(gm,k)(
m
r

)(
mn
k

)
)

.

Thus (5.18) and (5.19) applied to the first element of the above sum yields

( n

m

)r

V ar

(
r!

Wgm,r

r!
(

n
r

) − mr
(
m
r

)
πr

mn(gm,r)(
m
r

)(
mn
r

)
)

=
nr

mr

⎡

⎣(r!)2
(
m
r

)
(
n
r

)
r!

− 2r!
mr

(
m
r

)
(
m
r

)
(
mn
r

) +

(
mr

(
m
r

)
)2 (m

r

)2
(
mn
r

)

⎤

⎦

=

(
m
r

)

mr

[
r!nr

(
n
r

) − 2
r!(mn)r

(
mn
r

) +
mr

(
m
r

) (mn)r

(
mn
r

)
]

(5.20)

Since the term in the square brackets above converges to zero and the factor
in front of it converges to r! we conclude that the whole quantity converges
to zero.

Note that

( n

m

)r m∑

k=r+1

V ar

(
r!

Wgm,k

k!
(
n
k

) − mr
(
m
k

)
πk

mn(gm,k)(
m
r

)(
mn
k

)
)

≤
( n

m

)r m∑

k=r+1

V ar

(
r!

Wgm,k

k!
(
n
k

)
)

+
( n

m

)r m∑

k=r+1

V ar

(
mr
(
m
k

)
πk

mn(gm,k)(
m
r

)(
mn
k

)
)

= I1(n) + I2(n) .

Now treat separately I1(n) and I2(n).



5.2 Asymptotics for P -statistics 103

For I1(n) we use the second line of (5.19) to get

I1(n) =
(r!)2nr

mr

m∑

k=r+1

(
m
k

)
(
n
k

) 1

k!
E(g2

m,k)

≤ (r!)2
m∑

k=r+1

mk−r

nk−r

1
(
1 − m

n

)k
E(g2

m,k)

k!

Since for n large enough m
n < 1

2 then for such n’s

I1(n) ≤ 2r(r!)2
m∑

k=r+1

(m

n

)k−r E(g2
m,k)

k!

and thus by (5.17) it follows that I1(n) converges to zero.
For I2(n) we have

I2(n) =
( n

m

)r
(

mr

(
m
r

)
)2 m∑

k=r+1

(
m
k

)2
(
mn
k

)E g2
m,k

=

(
mr

(
m
r

)
)2 m∑

k=r+1

(
m
k

)

mr

nk
(
m
k

)

nk−r
(
mn
k

)E g2
m,k

≤
(

mr

(
m
r

)
)2

1(
1 − 1

n

)m
m∑

k=r+1

(
m
n

)k−c

k!
E g2

m,k.

Since the expression standing just in front of the sum above is bounded then
(5.17) implies that I2(n) → 0.

Thus V ar Ωn(gm) → 0 implying Ωn(gm)
P→ 0. ⊓⊔

In our next result we consider the case λ > 0.

Theorem 5.2.2. Let (X (mn,n)) be a sequence of matrices in Mmn×n embed-
ded in an infinite matrix X (∞) of iid entries. Assume mn/n → λ > 0. Con-

sider a sequence of P -statistics
(
Per

(mn,n)

h(mn) (X (mn,n))
)

with a common level of

non-degeneracy equal to r. Assume that E
[
(h(mn))2

]
< ∞, n = 1, 2, . . ., and

that there exists a sequence of functions g = (gk), such that gk is a symmetric
function on Rk satisfying (5.10), k = c, c + 1, . . . as well as

∞∑

k=r

λk

k!
E g2

k < ∞ and

∞∑

k=r

(
mn

n

)k

k!
E g2

k < ∞ uniformly in n

(5.21)
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and
mn∑

k=r

(
mn

n

)k

k!
E (gmn,k − gk)2 → 0. (5.22)

Then

Per
(mn,n)

h(mn) (X (mn,n)) − E Per
(mn,n)

h(mn) (X (mn,n))(
n

mn

)
mn!

d→
∞∑

k=r

λk/2

k!
Jk(gk).

Proof. Consider a U -statistic U
(mn)
mnn with the kernel hmn based on an iid

sample X1,1, . . . , Xmn,n. Then m2
n/(mnn) = mn/n → λ. Consequently, the

assumptions of Theorem 5.1.3 are satisfied (with n changed into mnn) and
thus (writing m = mn)

U (m)
mn − E U (m)

mn
d→

∞∑

k=c

λk/2

k!
Jk(gk).

To complete the proof we will argue that

1(
n
m

)
m!

[
Per

(m,n)

h(m) (X (m,n)) − E Per
(m,n)

h(m) (X (m,n))
]
−
[
U (m)

mn − E U (m)
mn

]

=

m∑

k=r

(k!)−1

(
n

k

)−1

W (m,n)
gm,k

(X (m,n)) −
m∑

k=r

(
m

k

)(
mn

k

)−1

πk
mn(gm,k)(X (m,n))

= Ωn(gm)
P→ 0. (5.23)

Firstly, note that by orthogonality of (gmn,k)k and (gk)k and due to (5.22)

E

(
m∑

k=r

(k!)−1

(
n

k

)−1 [
W (m,n)

gm,k
− W (m,n)

gk

])2

=

m∑

k=r

(
m
k

)
(
n
k

)
k!

E(gm,k − gk)2 → 0.

Similarly, by the inequality
(

mn

k

)
>

(
m

k

)(
n

k

)
k! (5.24)

it follows that

E

(
m∑

k=r

(
m

k

)(
mn

k

)−1 [
πk

mn(gm,k) − πk
mn(gk)

]
)

=

m∑

k=r

(
m

k

)2(
mn

k

)−1

E(gm,k − gk)2

≤
m∑

k=r

(
m
k

)
(
n
k

)
k!

E(gm,k − gk)2 → 0.
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Thus to show the relation (5.23) it suffices to prove that

Ωn(g)
P→ 0. (5.25)

This will be accomplished by showing that the variance of the respective
difference tends to zero. Note that symmetry of the kernel gk’s entails

Cov

(
m∑

k=r

(k!)−1

(
n

k

)−1

W (m,n)
gk

,

m∑

k=r

(
m

k

)(
mn

k

)−1

πk
mn(gk)

)

= V ar

(
m∑

k=c

(
m

k

)(
mn

k

)−1

πk
mn(gk)

)
=

m∑

k=r

(
m
k

)2
(
mn
k

)E(g2
k).

Note also that by (2.13) it follows that

V ar

(
m∑

k=r

(k!)−1

(
n

k

)−1

W (m,n)
gk

)
=

m∑

k=r

(
m
k

)
(
n
k

) 1

k!
E(g2

k).

Thus

V ar (Ωn(g)) =

m∑

k=r

[(
m
k

)
(
n
k

) 1

k!
−
(
m
k

)2
(
mn
k

)
]

E(g2
k).

Hence, by the second part of (5.21), we have

m∑

k=N

(
m
k

)
(
n
k

) 1

k!
E(g2

k) → 0

uniformly in n as N → ∞. Similarly, using once again the inequality (5.24),
we get

m∑

k=N

(
m
k

)2
(
mn
k

)E(g2
k) → 0

uniformly in n as N → ∞. Now, fixing N sufficiently large we see that

N∑

k=r

[(
m
k

)
(
n
k

) 1

k!
−
(
m
k

)2
(
mn
k

)
]

E(g2
k) → 0

as n → ∞ since both (
m
k

)
(
n
k

) 1

k!
and

(
m
k

)2
(

mn
k

)

converge, as n → ∞ to the same limit λk

k! and k assumes only finite number of
values 1, . . . , N . Hence (5.25) follows and the proof of the result is complete.

⊓⊔
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Let us note that in practice the assumptions 5.21 and 5.22 of the above
theorem may be often replaced by a set of alternative conditions being easier
to verify. We outline them in the remarks below.

Remark 5.2.1. Suppose that exist positive constants A, B, C and D such that

|gk| ≤ ABk for any k = r, r + 1, . . . (5.26)

and

|gmn,k| ≤ CDk for any k = r, r + 1, . . . , mn n = 1, 2, . . . , (5.27)

as well as for any k = r, r + 1, . . ., a point-wise convergence

gmn,k → gk as n → ∞ (5.28)

holds, then the assumptions (5.21) and (5.22) of Theorem 5.2.2 are satisfied.

Remark 5.2.2. Since by (5.9)

gmn,k =

k∑

i=1

(−1)k−iπk
i (h̃mn,i), (5.29)

where

h̃mn,i(x1, . . . , xi) = E(hmn(x1, . . . , xi, Xi+1, . . . , Xmn)) − E(hmn),

then it follows that if there exist positive constants a and b such that

|h̃mn,i| < abi

for any i = r, r + 1, . . . and any n = 1, 2, . . ., then

|gmn,k| ≤
k∑

i=1

(
k

i

)
abi ≤ a(1 + b)k

for any k = r, r + 1, . . . , mn and any n = 1, 2, . . . and therefore (5.27) is
satisfied.

Remark 5.2.3. Assume that there exist positive constants A, B, C and D
such that

E(g2
k) ≤ ABk for any k = r, r + 1, . . . (5.30)

and

E(g2
mn,k) ≤ CDk for any k = r, r + 1, . . . , mn and any n = 1, 2, . . . (5.31)
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It is worthy to note that due to the formula (1.19) written is our current
notation as

E(g2
mn,k) =

k∑

i=1

(−1)k−i

(
k

i

)
E(h̃2

mn,i),

it follows that (5.31) is implied by the following condition: there exist positive
constants c and d such that

E(h̃2
mn,k) ≤ cdk for any k = r, r + 1, . . . , mn and for any n = 1, 2, . . . .

(5.32)

It is quite easy to see that (5.30) and (5.31) (or (5.26) and (5.27)) and the
point-wise convergence (5.28) imply that the assumptions of Theorem 5.2.2
hold true: The first part of (5.21) is obvious. The second part of (5.21) follows
immediately from the fact that the sequence (mn/n) is bounded. To see that
(5.22) is also satisfied, let us for any ε > 0 choose M large enough to have

∞∑

k=M+1

(
mn

n

)k

k!

(
ABk + CDk

)
< ε/2.

Note that M does not depend on n. Then, by (5.28), we can take N large
enough to have for n ≥ N

M∑

k=r

(
mn

n

)k

k!
E(gmn,k − gk)2) < ε/2.

Remark 5.2.4. Note that (5.31) implies

mn∑

k=r+1

(
mn

n

)k−r

k!
E g2

mn,k ≤ mn

n
CDr+1

∞∑

l=0

(
Dmn

n

)l

l!
= CDr+1 mn

n
e

Dmn
n → 0.

Thus (5.17) is satisfied and Theorem 5.2.1 holds. Similarly from Remark 5.2.3
it follows that (5.32) implies (5.17).

5.3 Examples

In this section we shall illustrate the applicability of the results from the pre-
vious section by revisiting some of the examples introduced in Chapter 1. We

shall simplify slightly the notation by writing Per (hm) for Per
(mn,n)

h(mn) X (m,n)

also m for mn while continuing to assume that, as in Theorem 5.2.2, m/n →
λ > 0.
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Example 5.3.1 (Number of monochromatic matchings in multicolored graph).
In the setting of Example 1.7.2, let as before P (X = k) = pk, k = 0, 1, . . . , N ,

where N ≤ ∞ and Xi,j
d
= X . If

hm(x1, . . . , xm) =
N∑

k=1

m∏

i=1

I(xi = k).

Then Perhm,n = M(m, n) counts monochromatic perfect matchings in a cor-
responding random bipartite graph (G, [yi,j ]).

Note that E(hm) =
∑N

k=1 pm
k and, moreover,

gm,k(x1, . . . , xk) =

N∑

i=1

pm
i

k∏

l=1

(
1

pi
I(xl = i) − 1

)
.

Consider first the case of N < ∞ and pi = p, i = 1, . . . , N . Then E(hm) =
Npm and changing hm into h̃m = hm/(Npm) we get

gm,k(x1, . . . , xk)

= gk(x1, . . . , xk) =
1

N

N∑

i=1

k∏

l=1

(
1

p
I(xl = i) − 1

)

=
1

N

(
1 − p

p

)k/2 N∑

i=1

φ⊗k
i (x1, . . . , xk) ,

where

φi(x) =
I(x = i) − p√

p(1 − p)
, i = 1, . . . , N,

are standardized. Thus if m/n → λ > 0 then from Theorem 5.2.2 we conclude
that

M(m, n)

Npm
(

n
m

)
m!

d→ 1 +
1

N

∞∑

k=1

(
λ1−p

p

)k/2

k!

N∑

i=1

Hk(J1(φi))

=
1

N
exp

(
−λ(1 − p)

2p

) N∑

i=1

exp
(√

λZi

)
,

where (Z1, . . . , ZN ) is an N -variate centered normal random vector with
covariances: E(ZiZj) = −1 for i �= j and EZ2

i = (1−p)p−1, i, j ∈ {1, . . . , N}.
If m/n → 0 then Remark 5.2.4 and Theorem 5.2.1 imply

√
n

m

(
M(m, n)

pm
(

n
m

)
m!

− N

)
d→ Z,
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where Z is a zero mean Gaussian random variable with variance V ar(Z) =
N2 1−p

p .
In the general case, i.e. N ≤ ∞, let p = max1≤i≤N pi and let j1, . . . , jK be

such that pjs = p, s = 1, . . . , K. Then we define h̃m = hm/(Kpm) and note

that Eh̃m → 1 as n → ∞ since

∣∣∣Eh̃m − 1
∣∣∣ =

∣∣∣∣

∑
i≥1 pm

i

Kpm
− 1

∣∣∣∣ =
∑

i�∈{j1,...,jK}

(
pi

p

)m

≤
(

supi�∈{j1,...,jK} pi

p

)m−1 ∑

i�∈{j1,...,jK}

pi

p
→ 0

on noting that supi�∈{j1,...,jK} pi < p. Consequently,

gm,k(x1, . . . , xk) =
1

K

N∑

i=1

(
pi

p

)m k∏

l=1

(
1

pi
I(xl = i) − 1

)

Define

gk(x1, . . . , xk) =
1

K

K∑

s=1

k∏

l=1

(
1

p
I(xl = js) − 1

)

=
1

K

(
1 − p

p

)k/2 K∑

s=1

ψ⊗k
s (x1, . . . , xk),

where ψs = φjs , s = 1, . . . , K, are standardized and k = 1, 2, . . .. Then |gk| ≤
Ck and (5.21) is satisfied. Moreover,

|gm,k(x1, . . . , xk) − gk(x1, . . . , xk)|

=
1

K

∑

i�∈{0,j1,...,jK}

(
pi

p

)m k∏

l=1

(
1

pi
I(xl = i) − 1

)

≤ Ck
∑

i�∈{j1,...,jK}

(
pi

p

)m

≤ Ckδm−1
∑

i�∈{j1,...,jK}

pi

p
≤ δm−1Ck/p → 0,

since δ = supi�∈{j1,...,jK} pi < p and thus (5.22) is also satisfied. Consequently,
in the case m/n → λ > 0 Theorem 5.2.2 implies

M(m, n)

Kpm
(

n
m

)
m!

d→ 1 +
1

K

∞∑

k=1

(
λ1−p

p

)k/2

k!

K∑

i=1

Hk(J1(φji ))

=
1

K
exp

(
−λ(1 − p)

2p

) K∑

i=1

exp
(√

λZi

)
,
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where (Z1, . . . , ZK) is a K-dimensional centered normal random vector with
covariances E(ZiZj) = −1 for i �= j and E(Z2

i ) = (1−p)p−1, i, j ∈ {1, . . . , K}.
Alternatively, if m/n → 0 then it follows from Theorem 5.2.1 (via

Remark 5.2.4) that

√
n

m

(
M(m, n)

pm
(

n
m

)
m!

− K

)
d→ Z,

where Z is a zero mean Gaussian random variable with variance V ar(Z) =
K2 1−p

p .

In our remaining examples we consider always a set of weights in a complete
bipartite graph K(m, n).

Example 5.3.2 (Number of matchings with L red edges in bicolored graph).
Consider a random bicolored complete bipartite graph K(m, n) from Exam-
ple 1.7.3 with edges which are either red (Xi,j = 1) with probability p or black
(Xi,j = 0) with probability 1− p. We are interested in the number K(n, α) of
perfect matchings with a given number Ln of red edges as n → ∞, assuming
that Ln/m → α ∈ [0, 1]. Thus K(n, α) = Per(hm) for

hm(x1, . . . , xm) = I(x1 + . . . + xm = Ln), xj ∈ {0, 1}.

Note that

E(hm) =

(
m

Ln

)
pLn(1 − p)m−Ln .

Moreover,

hm,i(x1, . . . , xi)

=

(
m − i

Ln − x1 − . . . − xi

)
pLn−x1−...−xi(1−p)m−i−Ln+x1+...+xi , xj ∈ {0, 1}.

Consequently,

h̃m,i(x1, . . . , xi)

=
hm,i(x1, . . . , xi) − E(hm)

E(hm)
=

(
m−i

Ln−x1−...−xi

)
(

m
Ln

)
(

1 − p

p

)x1+...+xi

(1 − p)−i − 1.

and thus by (5.9) we have

gm,k(x1, . . . , xk) =

k∑

i=1

(−1)k−i
∑

1≤j1<...<ji≤k

h̃m,i(xj1 , . . . , xji)

=
k∑

i=1

(−1)k−i

⎛
⎝

∑

1≤j1<...<ji≤k

(
m−i

Ln−xj1−...−xji

)
(

m
Ln

)
(

1 − p

p

)xj1+...+xji

(1−p)−i−1

⎞
⎠ .
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Since

lim
n→∞

(
m−i
Ln−j

)
(

m
Ln

) = αj(1 − α)i−j

then

gm,k(x1, . . . , xk)

→
k∑

i=1

(−1)k−i

⎛
⎝

∑

1≤j1<...<ji≤k

(
α

p

)xj1+...+xji
(

1 − α

1 − p

)i−xj1−...−xji

− 1

⎞
⎠

=

k∏

i=1

[(
α

p

)xi
(

1 − α

1 − p

)1−xi

− 1

]

=

(
|α − p|√
p(1 − p)

)k k∏

i=1

φ(xi) = gk(x1, . . . , xk),

with a standardized

φ(x) =

√
p(1 − p)

|α − p|

[(
α

p

)x (
1 − α

1 − p

)1−x

− 1

]
, x ∈ {0, 1}.

Note that for any k ≥ c

|gk| ≤
(

max

{∣∣∣∣
α

p
− 1

∣∣∣∣ ,
∣∣∣∣
1 − α

1 − p
− 1

∣∣∣∣
})k

.

Also, denoting s = x1 + . . . + xi, we have

|h̃m,i| ≤
(

Ln

m

)s(
1 − Ln

mn

)i−s
1

ps

1

(1 − p)i−s
+ 1 ≤ 2

(
1

min{p, 1 − p}

)i

.

Thus by (5.26), (5.27) and (5.28) we conclude that the assumptions of Theo-
rems 5.2.2 and 5.2.1 are satisfied.

Then if m/n → λ > 0

K(n, α)(
n

mn

)
mn!

(
mn

Ln

)
pLn(1 − p)m−Ln

d→ 1 +

∞∑

k=1

(√
λ |α−p|√

p(1−p)

)k

k!
Hk(J1(φ))

= exp

(√
λZ − λ(α − p)2

2p(1 − p)

)
,

where Z is a Gaussian random variable with zero mean and variance V ar(Z) =
(α−p)2

2p(1−p) .

If m/n → 0 then

√
n

m

(
K(n, α)(

n
mn

)
mn!

(
mn

Ln

)
pLn(1 − p)m−Ln

− 1

)
d→ Z.
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Example 5.3.3 (Number of heavy normal matchings). Consider a complete
graph K(m, n) with random weights X (m,n) = [Xi,j ] which are iid N (0, 1)
random variables. We are interested in asymptotics of the number W(n, α)
of perfect matchings for which the average total weight exceeds given level
α > 0. More precisely, let

hm(x1, . . . , xm) = I(x1 + . . . + xm > αm).

Then
Wn(α) = Per(hm).

Note that
E(hm) = P (X1 + . . . + Xm ≥ αm),

where (Xi) are iid N (0, 1) random variables. Thus

E(hm) = 1 − Φ(α
√

m),

where Φ denotes the distribution function of the standard normal distribution.
Similarly

hm,i(x1, . . . , xi) = P (Xi+1 + . . . + Xm ≥ αm − s) = 1 − Φ

(
αm − s√

m − i

)
,

where s = x1 + . . . + xi. Thus

h̃m,i =
1 − Φ

(
αm−s√

m−i

)

1 − Φ(α
√

m)
− 1 , i = 1, . . . , m − 1. (5.33)

Now we use the classical double inequality for the tail of the distribution
function of the standard normal distribution (see for instance Feller 1968,
chapter 7).

1√
2π

e−
x2

2

(
1

x
− 1

x3

)
< 1 − Φ(x) <

1√
2π

e−
x2

2
1

x
(5.34)

for any x > 0.
Since for large n the arguments of Φ in (5.33) are positive we can use

(5.34) respectively to the numerator and denominator in (5.33) to get the
double inequality

exp

[
−1

2

(
(αm − s)2

m − i
− α2m

)]
α
√

m(m − i) [(αm − s)2 − m + i]

(αm − s)3

< h̃m,i + 1 < exp

[
−1

2

(
(αm − s)2

m − i
− α2m

)]
α3m3/2

√
m − i

(αm − s)(α2m − 1)
.

(5.35)
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Passing to the limit as n → ∞ in (5.35) we get

h̃m,i → eαs− iα2

2 − 1.

Consequently, by (5.9)

gm,k(x1, . . . , xk)

=

k∑

i=1

(−1)k−i
∑

1≤j1<...<ji≤k

h̃m,i(xj1 , . . . , xji
)

→
k∑

i=1

(−1)k−i
∑

1≤j1<...<ji≤k

(
eα(xj1+...+xji

)− iα2

2 − 1
)

=

k∏

i=1

(
eαxi−α2

2 − 1
)

=
(
eα2 − 1

)k/2 k∏

i=1

φ⊗k(x1, . . . , xk) = gk(x1, . . . , xk) ,

where

φ(x) =
eαx−α2

2 − 1√
eα2 − 1

is standardized. Note that

E(g2
k) =

[
E
(
eαN−α2

2 − 1
)2
]k

.

and thus (5.21) is satisfied.
Since h̃m,i is not bounded we will use Remark 5.2.3. We need to show (5.32).
Note that

E(h̃2
m,i) =

E
[
Φ(α

√
m) − Φ

(
αm−Si√

m−i

)]2

(1 − Φ(α
√

m))2
,

where Si ∼ N (0, i), i = 1, . . . , m − 1. The numerator is bounded as follows

E

[
Φ(α

√
m) − Φ

(
αm − Si√

m − i

)]2

≤ 1

2π
E

(
e
−min

{
α2m,

(αm−Si)
2

m−i

} (
α
√

m − αm − Si√
m − i

)2
)

≤ 1

2π

[
e−α2mE

(
α
√

m +
Si − αm√

m − i

)2

+E

(
e−

(Si−αm)2

m−i

(
α
√

m +
Si − αm√

m − i

)2
)]

.
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Since Z = Si−αm√
m−i

∼ N (− αm√
m−i

, i
m−i) = N (ν, σ2) then

E(Z + α
√

m)2 = σ2 + ν2 + 2α
√

mν + α2m =
i

m − i

(
1 +

α2m√
m +

√
m − i

)

≤ (m − 1)(1 + α2
√

m) ≤ (m − 1)(1 + 2α2m)eα2i

where the particular form of the last inequality is convenient to compare with
the inequality for the second part derived below.

For the second part, we proceed as follows

E
[
(Z + α

√
m)2e−Z2

]
= EZ2e−Z2

+ 2α
√

mEZe−Z2

+ α2mEe−Z2

Since

Ee−Z2

=
1√

1 + 2σ2
e
− ν2

1+2σ2

EZe−Z2

=
ν

(1 + 2σ2)3/2
e
− ν2

1+2σ2

EZ2e−Z2

=
1

(1 + 2σ2)3/2

(
σ2 +

ν2

1 + 2σ2

)
e
− ν2

1+2σ2

Thus

E
[
(Z + α

√
m)2e−Z2

]

= e−α2m

(
m − i

m + i

)3/2 [
i

m − i
+ α2m

(
m

m + i
− 2

√
m

m − i
+

m + i

m − i

)]
e

α2m
m+i

i

≤ e−α2m(m − 1)(1 + 2α2m)eα2i.

Consequently,

E

[
Φ(α

√
m) − Φ

(
αm − Si√

m − i

)]2

≤ 1

π
e−α2m(1 + 2α2m)eα2i.

Finally, we use the left inequality from (5.34) to get for large n and i =
1, . . . , m − 1

E(h̃2
m,i) ≤

1

π
e−α2m(1 + 2α2m)eα2i

√
2πe

α2m
2

m3/2α3

α2m − 1
≤ C

(
eα2
)i

.

Additionally, for i = m we have

E(h̃2
m,m) = E

(
I(X1 + . . . + Xm > αm)

1 − Φ(α
√

m)
− 1

)2

=
Φ(α

√
m)

1 − Φ(α
√

m)
.



5.3 Examples 115

Again using the left inequality from (5.34) we get for large n that

E(h̃2
m,m) <

√
2πe

α2m
2

α3m3/2

α2m − 1
=

√
2π

[
e−

α2m
2

α3m3/2

α2m − 1

]
eα2m ≤ C

(
eα2
)m

.

Thus (5.32) is satisfied and we conclude that the assumptions of Theo-
rem 5.2.2 are satisfied. Note that by (5.35)

E(hm)
√

2πα
√

me
α2m

2 → 1.

Consequently, if m/n → λ > 0 then using Theorem 5.2.2 we obtain

√
me

α2m
2 W(n, α)(
n
m

)
m!

d→ 1

α
√

2π
exp

[
√

λ Z − λ(eα2 − 1)

2

]
,

where Z is a zero mean Gaussian variable with variance V ar (Z) = eα2 − 1.
Similarly, if m/n → 0 then Theorem 5.2.1 implies

√
n

m

(
W(n, α)

(1 − Φ(α
√

m))
(

n
m

)
m!

− 1

)
d→ Z.

Example 5.3.4 (Number of perfect matchings with few light edges). Consider
again K(m, n) and let F denotes the common distribution function of the
random weights Xi,j ’s. We are interested in a number Rn(r, α) of perfect
matchings for which the r-th smallest weight (out of m weights) exceeds a
given threshold α. That is

Rn(r, α) = Per(hm)

for hm(x1, . . . , xm) = I(xr:m > α), where xr:m denotes the rth order statistic
out of m observations.

Note that

I(xr:m > α) (5.36)

=
r−1∑

s=0

∑

1≤i1<...<is≤m

∏

j∈{i1,...,is}
I(xj ≤ α)

∏

l∈{1,...,m}\{i1,...,is}
I(xl > α),

where the summand for s = 0 is understood as
∏m

l=1 I(xl > α). Thus, by
(5.36) we get

E(hm) =

r−1∑

s=0

(
m

s

)
F s(α)F̄m−s(α),

where F̄ = 1 − F .
In order to calculate hm,i it is helpful to observe that the set
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{(x1, . . . , xm) : xr:m > α}

can be decomposed in disjoint sets of the form

{(x1, . . . , xm) : exactly s elements out of (xk+1, . . . , xm) are ≤ α and xr−s:k > α },

for s = 0, 1, . . . , r − 1.
We assume here that xj:n = −∞ if j ≤ 0 and xj:n = ∞ if j > n. Since

hm,i(x1, . . . , xi) = E(hm(x1, . . . , xi, Xi+1, . . . , Xm)) ,

where Xi+1, . . . , Xm are iid with the df F , then by the above remark it follows
that

hm,i(x1, . . . , xi) =

r−1∑

s=0

(
m − i

s

)
F s(α)F̄m−i−s(α)I(xr−s:i > α)

Thus

h̃m,i(x1, . . . , xi)

=

∑r−1
s=0

(
m−i

s

)
F s(α)F̄m−i−s(α)I(xr−s:i > α)

∑r−1
s=0

(
m
s

)
F s(α)F̄m−s(α)

− 1

=
1

F̄ i(α)

∑r−1
s=0

(
m−i

s

)
F s(α)F̄ r−1−s(α)I(xr−s:i > α)

∑r−1
s=0

(
m
s

)
F s(α)F̄ r−1−s(α)

− 1 → I(x1:i > α)

F̄ i(α)
− 1.

Hence by (5.9) we get

gm,k(x1, . . . , xk) →
k∏

i=1

(
I(xi > α)

F̄ (α)
− 1

)

=

(
F (α)

F̄ (α)

)k/2 k∏

i=1

φ⊗k(x1, . . . , xk) = gk(x1, . . . , xk),

where

φ(x) =
I(x > α) − F̄ (α)√

F (α)F̄ (α)

is standardized.

Note that |gk| ≤
(
max{1, F (α)

F̄ (α)
}
)k

and thus (5.26) is satisfied. Also

|h̃m,i(x1, . . . , xi)| ≤
1

F̄ i(α)

∑r−1
s=0

(
m−i

s

)
F s(α)F̄ r−1−s(α)

∑r−1
s=0

(
m
s

)
F s(α)F̄ r−1−s(α)

+ 1 < 2

(
1

F̄ (α)

)i

,

and by Remark 5.2.2 it follows that the assumptions of Theorem 5.2.2 are
satisfied. Since
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E(hm)

mr−1F r−1(α)F̄m−r+1(α)
→ 1,

in the case mn/n → λ Theorem 5.2.2 implies

Rn(r, α)(
n
m

)
m!mr−1F̄m(α)

d→
(

F (α)

F̄ (α)

)r−1

e
√

λZ−λF (α)

2F̄ (α) ,

where Z is a zero mean Gaussian variable with variance V ar(Z) = F (α)

F̄ (α)
.

Note that the case r = 1 is the case of a classical permanent (Defini-
tion 1.20) since the kernel hm is a product of the form

∏m
i=1 I(xi > α). Thus

the above asymptotics in this particular case follows from Theorem 3.4.3.
Alternatively, if m/n → 0 then using Theorem 5.2.1 we get

√
n

m

(
Rn(r, α)(

n
m

)
m!
∑r−1

s=0

(
m
s

)
F s(α)F̄m−s(α)

− 1

)
d→ Z.

Example 5.3.5 (Sum of products of zero-mean weights for perfect matchings).
Let Xi,j ’s have zero mean and unit variance. Let r ≥ 1 be fixed. For K(m, n)
consider Per(hm) with

hm(x1, . . . , xm) =
m∑

l=r

∑

1≤j1<...<jl≤m

l∏

s=1

xjs
.

Obviously, E(hm) = 0. Moreover, hi(x1, . . . , xi) = 0 for i = 1, . . . , r − 1, and

hm,i(x1, . . . , xi) =
i∑

l=r

∑

1≤s1<...<sl≤i

l∏

w=1

xsw

for i = r, r +1, . . . , m, i.e. r is the common degeneracy level of all P -statistics
in this example. Note that hm,i’s do not depend on m. Using (5.9) we obtain

gm,k(x1, . . . , xk) =

k∑

i=r

(−1)k−i
∑

1≤j1<...<ji≤k

i∑

l=r

∑

1≤s1<...<sl≤i

l∏

w=1

xjsw

=

k∑

i=r

∑

1≤j1<...<ji≤k

i∏

w=1

xjw

(
k−i∑

l=0

(
k − i

l

)
(−1)k−(i+l)

)
.

Noting that the expression in the parantheses in the above formula is zero
except in the case i = k we obtain

gm,k(x1, . . . , xk) =

k∏

l=1

xl = gk(x1, . . . , xk),
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i.e. φ(x) = x (standardized). Since E(g2
m,k) = E(g2

k) = 1 the assumptions of
Theorems 5.2.2 and 5.2.1 apparently are satisfied.

Consequently, for m/n → λ > 0,

Per(hm)(
n
m

)
m!

d→ e
√

λN−λ
2 −

r−1∑

k=0

λk/2

k!
Hk(N ).

In particular, if r = 2 the limiting law is the distribution of the random

variable e
√

λN−λ
2 − 1 −

√
λN .

For m/n → 0 √
n

m

Per(hm)(
n
m

)
m!

d→ Hc(N ).

Let us note that in the first four examples above we had:

hm,i(x1, . . . , xi)

E(hm)
→ 1

L

L∑

r=1

i∏

l=1

ψr(xl)

for some natural number L, a positive number α and some functions ψr,
satisfying E(ψ2

r(X)) = 1, r = 1, . . . , L. If this is the case then in general

gm,k(x1, . . . , xk) → 1

L

L∑

r=1

k∏

l=1

(ψr(xl) − 1) = gk(x1, . . . , xk).

Consequently, if only the assumptions of Theorem 5.2.2 are satisfied then

Per(hm)(
n
m

)
m!E(hm)

→ 1

L

L∑

r=1

e
√

λZr−λ(Eψ2
r(X)−1)

2 (5.37)

where (Z1, . . . , ZL) is a zero-mean Gaussian vector with covariances

E(ZrZs) = E(ψr(X)ψs(X)) − 1.

If in the situation just described the edges [yi,j ] in a bipartite graph appear
independently with the same probability q and independently of the weight
matrix X (∞), then we have to modify the kernel of a P -statistic as follows

ĥm((x1, y1), . . . , (xm, ym)) = hm(x1, . . . , xm)

m∏

l=1

I(yl = 1),

where yl = 1 if the respective edge is present in the graph, otherwise yl = 0
(see also Section 1.7). Then, it is easy to see that
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ĥm,i((x1, y1), . . . , (xi, yi))

E(ĥm)

=
hm,i(x1, . . . , xi)

E(hm)

i∏

l=1

I(yl = 1)

q
→ 1

L

L∑

r=1

i∏

l=1

ψr(xl)
I(yl = 1)

q
.

Consequently,

gm,k((x1, y1), . . . , (xk, yk)) → 1

L

L∑

r=1

k∏

l=1

(
ψr(xl)

I(yl = 1)

q
− 1

)

= gk((x1, y1), . . . , (xk, yk)).

In this situation the convergence result (5.37) has to be modified as follows.
If the assumptions of Theorem 5.2.2 are satisfied then

Per(ĥm)(
n
m

)
m!qmE(hm)

→ 1

L

L∑

r=1

exp

(√
λẐr −

λ(Eψ2
r (X) − q)

2q

)
, (5.38)

where (Ẑ1, . . . , ẐL) is a zero-mean Gaussian random vector with covariances

E(ẐrẐs) =
E(ψr(X)ψs(X))

q
− 1.

For instance if the edges appear at random, as described above, in the
Examples 5.3.2–5.3.4 we obtain the following modifications of the limiting
behavior for m/n → λ > 0:

In Example 5.3.2 for the number of red edges K(n, α):

K(n, α)(
n
m

)
m!
(

m
Ln

)
pLn(1 − p)m−Lnqm

→ exp

(√
λ Z− λ[(α − p)2+(1 − q)p(1 − p)]

2qp(1 − p)

)
,

where Z is a zero mean Gaussian variable with variance V ar(Z) = (α−p)2

qp(1−p) +
1−q

q .

In Example 5.3.3 for the number of heavy normal matchings W(n, α):

√
me

α2m
2 W(n, α)(

n
m

)
m!qm

d→ 1

α
√

2π
exp

[
√

λZ − λ(eα2 − q)

2q

]
,

where Z is a zero mean Gaussian variable with variance V ar(Z) = eα2−q
q .

Example 5.3.4 for the number of matchings with few light edges Rn(r, α):

Rn(r, α)(
n
m

)
m!mr−1[qF̄ (α)]m

d→
(

F (α)

F̄ (α)

)r−1

e
√

λZ−λ(1−qF̄ (α))

2qF̄ (α) ,

where Z is a zero mean Gaussian variable with the variance V ar(Z) =
1−qF̄ (α)

qF̄ (α)
.
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5.4 Bibliographic Details

Multiple Wiener-Itô integral was introduced by Itô (1951) who considerably
modified the original idea of homogeneous chaos introduced by Wiener (1938).
A detailed description can be found in the monograph by Major (1981) which
is devoted solely to this issue. A concise and quite accessible exposition of the
topic has been given recently in Kuo (2006). Here we adopted an approach
which borrowed the first step from Dynkin and Mandelbaum (1983) and was
especially convenient in the context of symmetric functions, which were of the
primary interest.

The fundamental result on the weak convergence of non-degenerate U -
statistics was obtained by Hoeffding (1948) in his seminal paper on the sub-
ject. Subsequent results for degenerate cases were obtained by Serfling (1980),
Rubin and Vitale (1980) and Dynkin and Mandelbaum (1983) who were the
first to introduce the idea of writing a limiting distribution in terms of multiple
Wiener-Itô integrals. For a general review of the subject of multiple stochas-
tic integration in the context of symmetric functions see e.g., monographs
by Major (1981) or Lee (1990, chapter 4). There are also several other good
monographs that consider, among other topics, the issue of weak convergence
of U -statistics both in the case of finite order kernels as well as the sequences
of kernels of increasing dimensions, like e.g., Koroljuk and Borovskich (1994).
Some interesting results related to the limiting behavior of so called ‘decou-
pled’ U -statistics, which are similar to our P -statistics in the case of matrix
X (∞) having independent and identically distributed entries, are presented in
de la Peña and Giné (1999, chapter 4). For some related results on the weak
convergence of both classical and decoupled U -statistics the reader may also
wish to consult e.g., the papers of Giné and Zinn (1994), Lata�la and Zinn
(2000), and Giné et al. (2001).

The material on weak convergence of P -statistics presented in this chapter
is essentially new and comes from the yet unpublished manuscript
Rempa�la and Weso�lowski (2007).



6

Permanent Designs and Related Topics

6.1 Incomplete U -statistics

In the current chapter we shall explore a different view of a P -statistic, namely
as a certain type of an incomplete U -statistic a notion that we now proceed
to describe. Recall that in the previous chapters we have defined a U -statistic

U
(k)
l as

U
(k)
l =

(
l

k

)−1

πl
k(h)

for any symmetric kernel h. For given integers 1 ≤ k ≤ l let Sl,k denote as
before a set of all k-subsets of {1, . . . , l}, i.e., a collection of all sets S =
{i1, . . . , ik} of distinct indices selected from {1 . . . , l}. In what follows we shall
also often write h(S) for h(Yi1 . . . , Yik

). In the above notation we have

U
(k)
l =

(
l

k

)−1 ∑

S∈Sl,k

h(S).

Even though U -statistics are relatively simple and thus theoretically appealing
probabilistic objects their practical use is severely limited due to the fact that
for large values of k and l the number of needed averagings

(
l
k

)
may be very

large and the actual evaluation of a U -statistic can be quite onerous especially
when considering infinite order U -statistics, like e.g., elementary symmetric
polynomial of increasing order discussed in detail in Chapter 3, where the
dimension k of a kernel function is growing with the sample size l. In order
to address the problem of these computational difficulties Blom (1976) has
suggested considering “incomplete” U -statistics, where the kernel function is
averaged over only some appropriately chosen small subset (a design) of all(

l
k

)
averagings. The idea of Blom has turned out to be closely related to the

general statistical theory of experimental designs and has lead over the next
decade to a rapid development of the theory of incomplete U -statistics based
on a variety of designs.
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The main drawback of the theory of incomplete U -statistics seems to be in
a lack of a sufficiently general and yet relatively simple technique of generating
incomplete designs (except perhaps for the random selection) that would work
well for a very wide class of U -statistics, including the case when k → ∞. In
this chapter we shall present a class of designs which in some circumstances
may work well for a large class of kernels.

If we assume that E h2
k < ∞ for l ≥ 1, then the variance of a U -statistic

of degree r − 1 is given by the formula (2.14) of Chapter 2.

V ar U
(k)
l =

k∑

c=r

(
l

c

)−1(
k

c

)2

V ar gc. (6.1)

A convenient alternative form is obtained by rewriting the above in terms of
the variances of the conditional kernels hc, c = 1, . . . , k, as follows

V ar U
(k)
l =

(
l

k

)−1 k∑

c=r

(
k

c

)(
l − k

k − c

)
V ar hc. (6.2)

To see this, recall from Chapter 1 that

V ar gc =

c∑

ν=1

(−1)c−ν

(
c

ν

)
V ar hν . (6.3)

Now, substituting (6.3) into (6.1) gives after several lines of algebra (6.2).
Note that for r = 1, that is for non-degenerate U -statistics, the relation

(6.2) along with the property (1.18) of the sequence V ar hν ν = 1, . . . , k and
the hypergeometric summation formula yields the bounds

k2

l
V ar h1 ≤ V ar U

(k)
l ≤ k

l
V ar hk. (6.4)

The following definition shall be essential in the further discussions in this
chapter.

Definition 6.1.1 (Incomplete U -statistic). For any class of k-subsets
D ⊆ Sl,k an incomplete U -statistic is defined as

U
(k)
D =

1

|D|
∑

S∈D
h(S) (6.5)

where |D| denotes the number of elements in D.

The set D is often referred to as a design of an incomplete U -statistic. The

variance formulae (6.1) and (6.2) have their analogues for U
(k)
D . We state and

prove this for the record as follows.
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Theorem 6.1.1. Let fc for 1 ≤ c ≤ k be the number of pairs S1, S2 in the
design D having exactly c elements in common. Then

V ar U
(k)
D =

1

|D|2
k∑

c=r

fcV ar hc. (6.6)

Additionally, for S ∈ Sl,ν , where 1 ≤ ν ≤ k, we define n(S) as the number of
k-subsets in the design D which contain S, i.e. n(S) = #{S′ ∈ D : S ⊂ S′}.

Then

V ar U
(k)
D =

1

|D|2
k∑

ν=r

BνV ar gν (6.7)

where

Bν =
∑

S∈Sl,ν

n2(S) =

k∑

c=ν

fc

(
c

ν

)
. (6.8)

Moreover, for any ν = 1 . . . , k

Aν =
∑

S∈Sl,ν

n(S) = |D|
(

k

ν

)
. (6.9)

Proof. Denote |D| = d. First we shall argue (6.6). To this end note that
for any two sets U, T ∈ Sl,k with exactly c elements in common we have
Cov (h(U), h(T )) = V ar hc. Therefore

V ar U
(k)
D = d−2

∑

U∈D

∑

T∈D
Cov (h(U), h(T )) = d−2

k∑

c=1

fcV ar hc (6.10)

which establishes (6.6).
In order to argue (6.7) we define Bν =

∑
S∈Sl,ν

n2(S) and consider the

design incidence matrix, given by N = [nij ]l×d where

nij =

{
1 if index i is in set j,

0 otherwise.
(6.11)

Note that the (j1, j2)th entry of NT N is
∑

i nij1nij2 = |Sj1 ∩ Sj2 |, where
Sj1 , Sj2 ∈ D. Thus fc is the number of elements in the matrix NT N equal to
c. In order to find the formula for fc we shall use the Stirling numbers. Let

s
(1)
µ,ν and s

(2)
ν,µ be the Stirling numbers of the first and second kind, respectively.

Recall that they are defined by the equations

xν =

ν∑

µ=1

s(2)
ν,µx(x − 1) · · · (x − µ + 1)
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and

x(x − 1) . . . (x − µ + 1) =

µ∑

ν=1

s(1)
µ,ν xν

and satisfy the relationship (see, e.g. Abramowitz and Stegun 1964).

γ∑

ν=µ

s(2)
ν,µ s(1)

γ,ν =

{
1 γ = µ,

0 γ �= µ.
(6.12)

Additionally, recall also that s
(2)
ν,µ gives the total number of different ways of

partitioning a set of size ν into µ non-empty sets.
In view of the above interpretation of fc in terms of the elements of matrix

NT N , we may write for any ν ≥ 1

k∑

c=1

cνfc =

d∑

j1=1

d∑

j1=1

(
l∑

i=1

nij1nij2

)ν

=

l∑

i1=1

· · ·
l∑

iν=1

⎛
⎝

d∑

j=1

ni1j · · ·niνj

⎞
⎠

2

=

ν∑

µ=1

µ!s(2)
ν,µBµ (6.13)

where in the last equality we have used the interpretation of the Stirling
numbers in terms of the numbers of partitions, as well as the fact that the

entries nij are binary. Now we multiple both sides of (6.13) by s
(1)
γ,ν and sum

over ν from one up to γ. This, in view of (6.12), yields for γ = 1, . . . , k

Bγ =

k∑

c=γ

fc

(
c

γ

)
(6.14)

and thus also (6.8). Multiplying (6.14) on both sides by (−1)γ−ν
(
γ
ν

)
, summing

over γ from ν up to k and using the identity

c∑

γ=ν

(−1)γ−ν

(
γ

ν

)(
c

γ

)
=

{(
c
ν

)
if c = ν,

0 otherwise,

gives for c = 1, . . . , k

fc =
k∑

γ=c

(−1)γ−c

(
γ

c

)
Bγ .
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In view of the above, as well as (6.10)

V ar U
(k)
D = d−2

k∑

c=1

fcV ar hc

= d−2
k∑

γ=1

(
γ∑

c=1

(−1)γ−c

(
γ

c

)
V ar hc

)
Bγ

=

k∑

γ=1

BγV ar gc

where the last equality follows from (6.3). The formula (6.7) is thus proved.
It remains to show (6.9). Note that for ν = 1, . . . , k we have

dkν =

d∑

j=1

(
l∑

i=1

nij

)ν

=

n∑

i1=1

· · ·
n∑

iν=1

⎛
⎝

d∑

j=1

ni1j · · ·niνj

⎞
⎠

=

ν∑

µ=1

µ!s(2)
ν,µAµ

which leads to (6.9) in exactly the same way in which (6.13) lead to (6.14). ⊓⊔

Comparing (6.1) and (6.6) or (6.2) and (6.7) it is not difficult to see that

for D ⊆ Sl,k we must always have V ar U
(k)
l ≤ V ar U

(k)
D with equality only

if D = Sl,k. Therefore, the incomplete U -statistic is always less efficient than
the complete one. However, for appropriately chosen design D, the increase in
the variance of U may be not too large and the loss of the estimation precision
may be offset by the considerable simplification of the statistic. The problem
of an appropriate choice of D is therefore central to the theory of incomplete
U -statistics (cf. e.g., Lee 1982).

6.2 Permanent Design

It turns out that one possible solution to the problem of generating simple
designs is via a concept of a generalized permanent function and a P -statistic.
Since the design is cast in the setting of selecting subsets from a matrix of
mn independent and identically distributed random variables, hence in this
chapter we again strengthen the exchangeability assumptions (A1-A2) to the
general assumption that all the entries of X (∞) are independent. The “per-
manent” design for selecting elements from X (m,n) into the averaging scheme
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turns out to be quite reasonable (for instance, “balanced” in the experimen-
tal design sense) due to the inherited symmetry. In particular, under some
regularity conditions imposed on the kernel functions of the corresponding U -
statistics it turns out to be always asymptotically efficient, in the usual sense
of the asymptotic relative efficiency (ARE), when compared with a full design
of all

(
mn
m

)
subsets. It is remarkable that this efficiency property of the design

holds even in the case when both m, n → ∞. In some cases the permanent
design can also be shown to be more effective than any other design of the
same size, including a random one.

Let us consider a U -statistic of degree m based on a double-indexed
sequence (matrix) of iid real random variables X (m,n) = [Xi,j ] with i =
1, . . . , m; j = 1 . . . , n and 1 ≤ m ≤ n

U (m)
mn =

(
mn

m

)−1 ∑

S∈Smn,m

h(S) (6.15)

where Smn,m is a set of all m-subsets of the ordered pairs of indices {(i, j)|1 ≤
i ≤ m; 1 ≤ j ≤ n}. Note that the above definition is equivalent to that of a U -

statistic U
(k)
l with k = m, l = mn and the sequence X1,1, . . . , X1,n, X2,1, . . . ,

X2,n, . . . , Xm,1 . . . , Xm,n obtained by vectorization of the matrix [Xi,j ].
Any design D ⊆ Smn,m we shall call rectangular. Due to the symmetry

assumption about the kernel function it is reasonable to restrict attention to
equireplicate rectangular designs, i.e., such that ∀(i,j) the number n(i, j) of
subsets in D containing (i, j) is constant and equal s. Note that such designs
must satisfy:

smn = dm (6.16)

where d = |D|. The above follows by representing in two ways a sum of
multiplicities of all singletons in the design D.

The following definitions will be useful in the sequel.

Definition 6.2.1 (Meager design). We will say that a design D ⊆ Smn,m

is meager if for any ν ∈ {1, . . . , m} the number of elements in Smn,ν being
subsets of sets belonging to D equals

(
n
ν

)(
m
ν

)
ν!

In particular, for any meager design D we have |D| = n[m] =
(

n
m

)
m!. Let

us also note that the notion of a meager design in our setting is related to
that of a strongly regular graph design (see Subsection 6.5.1) known in the
experimental design theory.

Definition 6.2.2 (Permanent scheme design). A design D ⊆ Smn,m is a
permanent scheme if it consists of all m-subsets of the form

{(1, i1), (2, i2), (3, i3) . . . , (m, im)} (6.17)

where {i1, i2, . . . , im} ⊂ {1, 2, . . . , n}.
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In the sequel we refer to any m-set of the form (6.17) as m-transversal of an
m × n matrix. Thus we may say that permanent scheme design is simply a
collection of all m-transversals (of an m × n matrix).

Below we shall denote a permanent scheme design by Dper and refer to
it for brevity as permanent design. Accordingly, throughout this chapter we
shall also refer to any associated P -statistic as (incomplete) U -statistic of

permanent design (USPD) and denote it by U
(m)
Dper

.
We note that according to the earlier definition USPD is simply a P -statis-

tic based on a matrix of all iid entries.
The following theorem describes some of the basic properties of a perma-

nent design.

Theorem 6.2.1. The design Dper is balanced (equireplicate) and meager. It
is also a minimum variance design in the class of meager designs, that is, for
fixed integers 1 ≤ m ≤ n it minimizes the variance of an incomplete analogue
of (6.15) among all meager designs.

Proof. First, we show that Dper is meager. That is, for given ν (1 ≤ ν ≤ m)
we show that the number of different sets S ∈ Smn,ν being subsets of sets
belonging to Dper is

(
m
ν

)(
n
ν

)
ν!. To see this, consider a set of ordered pairs of

indices (coordinates) {(i, j)|1 ≤ i ≤ m; 1 ≤ j ≤ n}. Taking any ν-subset is
equivalent to fixing the values of ν first coordinates and ν second coordinates,
which can be done in

(
m
ν

)(
n
ν

)
different ways; for the selected ν pairs of indices

there is ν! ways to be included into one of the sets of the form (6.17).
Second, we show that Dper is of minimum variance among meager designs.

For a given S ∈ Smn,ν let us consider n(S), i.e. the number of m-subsets in
the design Dper which contain S. (cf. Theorem 6.1.1). If S is a subset of one
of the m-sets of the form (6.17) then, from the definition of the permanent
design it follows that for such S

n(S) =

(
n − ν

m − ν

)
(m − ν)! (6.18)

On the other hand, if S is not a subset of one of the m-sets of the form (6.17)
then n(S) = 0. From the relation (6.9) of Theorem 6.1.1 we know that for any
design D ⊆ Smn,m such that |D| =

(
n
m

)
m! we have

∑

S∈Smn,ν

n(S) =

(
m

ν

)(
n

m

)
m!.

Since the quadratic
∑

x2
i subject to

∑
xi = c > 0 is minimized by taking all

the xi’s equal, it follows (see (6.8)) that for the class of all meager designs
Dper minimizes the quantities Bν in the formula (6.7) and hence it minimizes
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also the variance. The fact that Dper is balanced follows directly from (6.18)
with ν = 1. ⊓⊔

It is not difficult to show that there exist designs which are meager, bal-
anced, and have strictly larger variance than the permanent design. Therefore,
the above theorem is meaningful.

Example 6.2.1 (Meager non-permanent designs). Let D ⊆ S2n,2 be any bal-
anced design such that |D| = n(n − 1). Then D is a meager design.

A connection between a USPD and a U -statistic is given by the following

Theorem 6.2.2. For given fixed integers 1 ≤ m ≤ n let Π be the set of all
possible permutations of the elements of m × n matrix [Xi,j ] and for given

σ ∈ Π let U
(m)
Dper

(σ) denote a corresponding incomplete U -statistic. Then

U (m)
mn =

1

(mn)!

∑

σ∈Π

U
(m)
Dper

(σ).

Proof. Direct calculation. ⊓⊔

The next example illustrates the use of Theorem 6.1.1 in the particular
case of a permanent design. This gives an alternative way of arriving at the
formula (2.13).

Example 6.2.2 (Variance of USPD). From the general result on the variance
of P -statistics under (A1-A2) we know that the variance of a USPD is given
by (cf. (2.13))

V ar U
(m)
Dper

=

m∑

ν=r

(
m
ν

)
(
n
ν

) 1

ν!
V ar gν . (6.19)

Note that this formula may also be obtained directly from the general results
on the incomplete U -statistics discussed so far. Indeed, in the proof of Theo-
rem 6.2.1 we have shown that Dper is meager and that for any ν (1 ≤ ν ≤ m)
and any S ∈ Smn,ν being a subset of one of the m-sets belonging to Dper , n(S)
is given by (6.18). This, along with the formula (6.7) entails (6.19), since now

Bν =

(
m

ν

)(
n

ν

)
ν!

(
n − ν

m − ν

)2

(m − ν)!2

for 1 ≤ ν ≤ m.
As in the case of U -statistics, for a USPD there also exists an alternative

formula for its variance in terms of the variances of the appropriate conditional
expectations of the kernel function.

V ar U
(m)
Dper

=
1(

n
m

)
m!

m∑

ν=r

(
m

ν

)
Ψ(m − ν, n − ν)V ar hν (6.20)
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where

Ψ(i, j) =

i∑

c=0

(−1)c

(
i

c

)(
j − c

i − c

)
(i − c)!

for 0 ≤ i ≤ m − 1; n − m ≤ j ≤ n − 1. The formula (6.20) may be obtained
from (6.19) with the help of the relation (6.3). Equivalently, it may be inferred
directly from (6.6) upon verifying that fc =

(
n
m

)
m!
(
m
c

)
Ψ(m − c, n − c).

6.3 Asymptotic properties of USPD

The next result shows that asymptotically the variances of USPD and a cor-
responding complete U -statistic coincide for a large class of kernel functions.

For any incomplete U -statistic (6.5) let ARE be its asymptotic relative

efficiency as compared with the complete statistic U
(k)
l , that is,

ARE = lim
l→∞

V ar U
(k)
l

V ar U
(k)
D

.

Theorem 6.3.1. Suppose that for the U -statistic (6.15) of a fixed (i.e.,
independent of n, m) level of degeneration r − 1 we have E (h(m))2 < ∞,

0 < lim inf V ar g
(m)
r , and V ar g

(m)
ν ≤ cν for ν ≥ r and some constants cν

(independent of m, n) which satisfy

∞∑

ν=r

cν

ν!
< ∞. (6.21)

If n ≥ m → ∞ and m
n → λ ≥ 0, then ARE of USPD vis à vis the complete

U -statistic (6.15) equals one.
Furthermore, for r = 1 the result remains valid if m = m1 ≥ 1 is a fixed

integer and n → ∞.

Proof. Let us note that by (6.1) and (6.19) we have

V ar U
(m)
Dper

V ar U
(m)
mn

− 1 =

∑m
ν=r

[
(m

ν )
(n

ν)
1
ν! −

(m

ν )
2

(mn

ν )

]
V ar g

(m)
ν

∑m
ν=r

(m

ν )
2

(mn

ν )
V ar g

(m)
ν

≥ 0 (6.22)

as each term in the sum in the numerator is non-negative, in view of the
inequality

(
mn
ν

)
≥
(
m
ν

)(
n
ν

)
(ν!)−1 which is valid for all integers 1 ≤ ν ≤ m ≤ n.



130 6 Permanent Designs and Related Topics

On the other hand, for the expression on the right-hand side of the equality
sign in (6.22), we clearly have for sufficiently large n

∑m

ν=r

[
(m

ν )
(n

ν)
1
ν! −

(m

ν )2

(mn

ν )

]
V ar g

(m)
ν

∑
m

ν=r

(m

ν )2

(mn

ν )
V ar g

(m)
ν

≤

∑
m

ν=r

[
(m

ν )
(n

ν)
1
ν! −

(m

ν )2

(mn

ν )

]
V ar g

(m)
ν

(m

r )2

(mn

r )
V ar g

(m)
r

≤ C

∑
m

ν=r

[
(m

ν )
(n

ν)
1
ν! −

(m

ν )2

(mn

ν )

]
V ar g

(m)
ν

(m

r )2

(mn

r )
(6.23)

where C > 0 is a constant which does not depend on n and m. Let us show
that under the assumptions of the theorem the latest expression tends to zero.
We will prove this separately for each of the following cases.

Case λ > 0
Let ε > 0 be arbitrarily small and let m0 be an integer such that∑

∞

ν=m0
(ν!)−1cν < ε (the existence of m0 is guaranteed by (6.21)). Since for

any fixed integer ν with r ≤ ν ≤ m0 we have that
(
m

ν

)2
/
(
mn

ν

)
→ λν/ν! and

(m

ν )
(n

ν)
→ λν as n ≥ m → ∞ with m

n
→ λ, then, for sufficiently large m, n

∑
m

ν=r

[
(m

ν )
(n

ν)
1
ν! −

(m

ν )
2

(mn

ν )

]
V ar g

(m)
ν

(m

r )
2

(mn

r )

≤ 2r!

λr

m0∑

ν=r

[(
m

ν

)
(
n

ν

) 1

ν!
−
(
m

ν

)2
(
mn

ν

)
]

cν + ε
2r!

λr

≤ ε
2r!

λr

+ ε
2r!

λr

= ε
4r!

λr

and the assertion follows in view of the relation (6.21) and the arbitrary choice
of ε.

Case λ = 0, m → ∞

In this case,

∑
m

ν=r

[
(m

ν )
(n

ν)
1
ν! −

(m

ν )
2

(mn

ν )

]
V ar g

(m)
ν

(m

r )
2

(mn

r )

=

=

[(
m

r

)
(
n

r

)
(
mn

r

)
(
m

r

)2
1

r!
− 1

]
V ar g(m)

r
(6.24a)

+

m∑

ν=r+1

[(
m

ν

)
(
n

ν

) 1

ν!

(
mn

r

)
(
m

r

)2 −

(
m

ν

)2
(
mn

ν

)
(
mn

r

)
(
m

r

)2

]
V ar g(m)

ν
. (6.24b)
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Note that
(
m
r

)
(
n
r

)
(
mn
r

)
(
m
r

)2
1

r!
=

(
mn
r

)

r!
(

n
r

)(
m
r

)

=
mn(mn − 1) · · · (mn − r + 1)

m(m − 1) · · · (m − r + 1)n(n − 1) · · · (n − r + 1)

=
(1 − 1/mn) · · · (1 − (r − 1)/mn)

(1 − 1/m) · · · (1 − (r − 1)/m) (1 − 1/n) · · · (1 − (r − 1)/n)
→ 1

(6.25)

as m, n → ∞. Thus, (6.24a) → 0 as m, n → ∞ and we only need to argue
that so does (6.24b). To this end, let us note that by (6.25), for sufficiently
large m, n,

m∑

ν=r+1

[(
m
ν

)
(
n
ν

) 1

ν!

(
mn
r

)
(
m
r

)2 −
(

m
ν

)2
(
mn
ν

)
(
mn
r

)
(
m
r

)2

]
V ar g(m)

ν

≤
m∑

ν=r+1

(
m
ν

)
(
n
ν

) 1

ν!

(
mn
r

)
(
m
r

)2 cν ≤ 2

m∑

ν=r+1

(
m
ν

)
(
n
ν

) r!

ν!

(
n
r

)
(
m
r

) cν

= 2
m∑

ν=r+1

(
m−r
ν−r

)
(
n−r
ν−r

) r!

ν!
cν ≤ 2 r!

m − r

n − r

m∑

ν=r+1

1

ν!
cν → 0,

in view of (6.21) and m
n → 0. The latter inequality follows since for 1 ≤ ν ≤

m ≤ n the expression
(
m
ν

)
/
(
n
ν

)
is a non-increasing function of ν. The assertion

follows now via (6.22).

Case r = 1 and m = m1 ≥ 1 is a constant.
If m1 = 1 the result is obvious. If m1 > 1 then proceeding similarly as

above we see that for r = 1 the expression (6.24a) equals zero and we only
need to show that (6.24b) tends to zero as n increases. This is obvious upon
noticing that for ν = 2, . . . , m1 the expressions in the square brackets are of
order O(n−ν+1). ⊓⊔

The above result appears to be quite useful, since, as we have already
noted, the size of any meager design D is |D| =

(
n
m

)
m! which even for fixed

integers 1 ≤ m ≤ n is usually a much smaller number than
(
mn
m

)
– the size of

a complete design in (6.15). Asymptotically, this is even more apparent, since
by virtue of the Stirling formula we have, for a universal constant C > 0,

(
n
m

)
m!(

mn
m

) ≤ C
√

m exp (−m) → 0 as m → ∞

Since for any two sequences (ak) and (bk) of nonnegative real numbers

satisfying ak =
∑k

c=1

(
k
c

)
bc for k ≥ 1, the condition

∑∞
k=1 bk/k! < ∞ is equiv-

alent to
∑∞

k=1 ak/k! < ∞, in view of the relation (1.19) it is easily seen that a
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small modification of the above proof allows us for an alternative formulation

of Theorem 6.3.1 where the V ar g
(m)
ν ’s are replaced with the V ar h

(m)
ν ’s. In

this alternative form the assumptions of the theorem are perhaps easier to
verify and, in particular, it is readily seen that they are satisfied whenever

lim infn V ar h
(m)
r > 0 and supn E (h(m))2 < ∞.

As an immediate consequence of Theorem 6.3.1 we obtain the following.

Corollary 6.3.1. Suppose that the non-degenerate (r = 1) U -statistic satis-
fies the assumptions of Theorem 6.3.1.
(i) If n − m → ∞ with m

n → 0, then

U
(m)
Dper(

V ar U
(m)
Dper

)1/2
− U

(m)
mn

(
V ar U

(m)
mn

)1/2

P−→ 0.

(ii) If n, m → ∞ with m
n → λ > 0, then

U
(m)
Dper

− U (m)
mn

P−→ 0.

Proof. Let us note that for any U -statistic U
(k)
l and its incomplete version

U
(k)
D given by (6.5), due to symmetries involved, we have

Cov (U
(k)
l , U

(k)
D ) = Cov (U

(k)
l , h(S)) for any S ∈ D

which entails
Cov (U

(k)
l , U

(k)
D ) = V ar U

(k)
l . (6.26)

Applying the above to U
(m)
mn and U

(m)
Dper

under the assumptions of (i) we obtain

V ar

⎛
⎜⎝

U
(m)
Dper(

V ar U
(m)
Dper

)1/2
− U

(m)
mn

(
V ar U

(m)
mn

)1/2

⎞
⎟⎠ = 2 − 2

⎛
⎝ V ar U

(m)
mn

V ar U
(m)
Dper

⎞
⎠

1/2

→ 0

in view of Theorem 6.3.1, and the result holds via Tchebychev’s inequality.
The second part of the theorem follows similarly, since under the assump-

tions of Theorem 6.3.1 and (ii) we have that 0 < lim inf V ar U
(m)
mn and in view

of (6.21) also lim sup V ar U
(m)
Dper

< ∞. ⊓⊔

In the context of discussions presented in Chapter 5 we may now appre-
ciate that the proof of the above corollary employs a simplified version of the
argument already used in the proof of Theorem 5.2.2.

We conclude this section with the following simple example

Example 6.3.1 (Relative efficiency of the incomplete sample variance). Con-
sider m = 2 and a matrix {Xi,j} of iid real valued random variables with
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variance 0 < σ2 and central fourth moment µ4 < ∞. If we take h(x, y) =

(x− y)2/2 then obviously U
(2)
2n = S2

(2n) is the usual sample variance estimator

S2
(2n) =

∑

1≤i≤2,1≤j≤n

(Xij − X̄)2

2n− 1

=
1

2n(2n − 1)

∑

{(i, j) �= (k, l) :
1 ≤ i, k ≤ 2; 1 ≤ j, l ≤ n}

1

2
(Xij − Xkl)

2 (6.27)

where

X̄ =
1

2n

∑

1≤i≤2,1≤j≤n

Xij .

Since r = 1 in this case, Theorem 6.3.1 applies for the USPD

S2
Dper

=
1

n(n − 1)

∑

1≤j �=l≤n

1

2
(X1j − X2l)

2

which for any given n contains less than a half of the terms present in (6.27).
Let us note that in this case a permanent design is also a minimum variance

design since as noted in Example 6.2.1 for a U -statistic of degree m = 2 (with
square integrable kernel) any balanced design D ⊆ S2n,2 satisfying |D| = 2

(
2n
2

)

is meager. A direct comparison of the variances can be also performed, since

V ar S2
(2n) =

µ4 − σ4

2n
+

σ4

(
2n
2

)

by applying the formula (2.14) in our setting, and

V ar S2
Dper

=
µ4 − σ4

2n
+

σ4

2
(
n
2

)

by (6.19) with m = 2. As we can see the difference in the above expressions
is only in the term of order O(n−2). For the sake of example, taking σ2 = 1
and µ4 = 3, we have tabulated below the ratio of V ar S2

(2n)/V ar S2
Dper

for
several different values of n. As we can see from Table 6.1, the efficiency of the
permanent design appears reasonable, even for a relatively small sample size.

Table 6.1. Ratios of variances of a complete statistic S2
(2n) and a corresponding

USPD for several different values of n.

n V ar S2
(2n)/V ar S2

Dper

(
2n

2

)
% used by PD

5 .89 45 44%
10 .95 190 47%
20 .97 780 49%
50 .99 4950 49.5%
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Table 6.2. Relative efficiency of USPD vs complete statistic when m increases.

m(n) approx. sample size (mn ≈) V ar T
(m)
mn /V ar T

(m)
Dper

% used by PD

10 .938 44.4%
ln(n) 100 .989 21%

1000 .998 3.69%

10 .938 44.4%√
n 100 .976 2.5%

1000 .995 0.2%

10 .938 44.4%
n/2 100 .950 0.13%

1000 .981 < 10−10 %

Example 6.3.2 (Relative efficiency of USPD’s for the kernels of increasing
order).

Let X (m,n) = [Xi,j ] (1 ≤ i ≤ m, 1 ≤ j ≤ n) be a matrix of iid Bernoulli

random variables with mean 1/2. Let us consider the U -statistic T
(m)
mn based

on the kernel h(x1, . . . , xm) = x1 · · ·xm and suppose that m → ∞ as n → ∞.
Note that

T (m)
mn =

(∑
ij Xi,j

m

)
/

(
mn

m

)

and the summation above is taken over all the indices i, j. In this case

V ar T (m)
mn =

1

2m

m∑

ν=1

(
m
ν

)2
(
mn
ν

)

and

V ar T
(m)
Dper

=
1

2m

m∑

ν=1

(
m
ν

)
(
n
ν

)
ν!

Below we have tabulated several values of the ratio V ar T
(m)
mn /V ar T

(m)
Dper

for

three different sequences m = m(n) and different total sample sizes mn. All
non-integer values have been rounded to the nearest integer. From Table 6.2 we
can clearly see that whereas the efficiency of the incomplete statistic is higher
for slowly growing m, the biggest gains in design reduction are achieved for m
growing at a faster rate. This is consistent with the observation made earlier.

6.4 Minimal Rectangular Schemes

The overall usefulness of the permanent designs is limited by the fact that
they are still fairly large and thus still difficult to compute and, except for
some special cases, are less efficient than the random designs of the same size.
To address these deficiencies a wide class of “permanent-like” designs will be
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introduced in this section. These designs, although still based on the rectan-
gular association scheme, are much smaller in size than the “permanent” ones
(cf. Definition 6.2.2) but nevertheless share many of the optimal properties
of the latter. In particular, some of them are known to minimize the vari-
ance over a class of equireplicate designs of the same size and to be uniformly
better than the corresponding random designs. However, the price to pay for
the reduction in size is that the optimality result can be established across a
considerably smaller class of kernels.

We start with the following.

Definition 6.4.1 (Rectangular scheme design). An equireplicate design
D ⊆ Smn,m is a rectangular scheme (RS) if

(i) it consists only of the m-sets which are m-transversals of m × n matrix
as given by (6.17) and

(ii) for any i 
= k and j 
= l there exists an m-transversal {(1, i1), . . . , (m, im)}
∈ D such that {(i, j), (k, l)} ⊂ {(1, i1), . . . , (m, im)}.

Let us note that if we identify the Xi,j ’s with “treatments” and m-subsets
of the design with the “blocks” of the classical statistical design theory, then
the conditions (i)− (ii) assure that RS is a connected sub-design of some par-
tially balanced, incomplete block (PBIB) design with the rectangular associ-
ation scheme in the problem of allocating mn treatments into the number of
|D| blocks of size m (see e.g., Street and Street 1987).

The relation between the RS designs and permanent designs is quite obvi-
ous. We note first that for m < n the permanent scheme defines partially
balanced incomplete block (PBIB) design with three associate classes and in
fact is one of the simplest associations schemes leading to such designs (see
e.g., Sinha et al. 1993). In a special case of m = n the permanent is equiva-
lent to the celebrated L2(n) scheme which is PBIB design with two associate
classes. Hence, the permanent scheme design, say Dper, is always PBIB and
also it is a rectangular scheme design which is maximal in the sense that for
any rectangular scheme D ⊂ Smn,m we have

|D| ≤ |Dper | =

(
n

m

)
m! (6.28)

The RS design-size considerations above motivate the introduction of a notion
of a “minimal size” rectangular scheme design. Such a design would consist
of a smallest number d of m-transversals needed for the condition (ii) of Def-
inition 6.4.1 to hold. To see what could be a good choice for d let us consider
a full set of m-transversals, i.e., the permanent design Dper . For this design
we have that the number of m-transversals which share a pair of treatments
of the form {(i, j), (k, l)} i 
= k and j 
= l is simply equal to the number of
(m−2)-transversals in a (m−2)×(n−2) matrix of treatments. If we introduce
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a notation J(u, w) standing for a rectangular u × w matrix with all entries
equal to one, then the number of such m-transversals is given by

Per J(m − 2, n − 2) =

(
n − 2

m − 2

)
(m − 2)!

Hence if we divide the total number of elements in Dper by Per J(m − 2,
n− 2) we obtain the minimal number of m-transversals needed to satisfy the
connectedness condition (ii) of Definition 6.4.1 as

d = Per J(m, n)/Per J(m − 2, n − 2) = n(n − 1). (6.29)

Note that this derivation leads to designs in which each pair of transversals
share at most one element. This motivates the following definition.

Definition 6.4.2 (Minimal rectangular scheme). Any RS design D such
that for each pair of its m-transversals there exists at most one common ele-
ment is called minimal.

Note that by the argument preceding the definition it follows that if D is a
minimal rectangular scheme then |D| = n(n−1). Alternatively, it follows from
(6.16). Unfortunately, for an arbitrary integer n such minimal designs may not
exist. We defer the discussion of that issue to the next section. However, it
turns out that when they do exist, MRS designs have some optimal properties.

Theorem 6.4.1. MRS design is a minimum variance design (MVD), that
is, has the smallest variance in the class of all the equireplicate designs (not
necessarily rectangular) D ⊆ Smn,m satisfying |D| = n(n − 1). Moreover, its
variance is

V0 =
m

n
V ar g1 +

1

n(n − 1)

m∑

c=2

(
m

c

)
V ar gc

or, via the relation (6.3),

V0 =
(n − 2)m

n(n − 1)
V ar h1 +

1

n(n − 1)
V ar hm

Proof. By the variance formula (6.7) it follows that for fixed m, n it is enough
to minimize the quantities

Bν =

m∑

c=ν

fc

(
c

ν

)
=

∑

Sν∈Smn,ν

n2(Sν)

for ν = 2, . . . , m, since for all equireplicate designs n(S1) = s is constant for
any S1 ∈ Smn,1, thus by (6.16) we have B1 = mn s2 = md2/n.
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Let us note that for all designs of the same size d = n(n − 1) we have

Bν ≥
∑

Sν∈Smn,ν

n(Sν) = n(n − 1)

(
m

ν

)
= Aν

where the last equality is a definition. But for MRS design we have n(S2) ≤ 1
which implies n(Sν) ≤ 1 and hence Bν = Aν for ν = 2, . . . , m. Once we
have identified the Bν ’s the final variance formula for MRS design follows
immediately from (6.7). ⊓⊔

We shall refer to the incomplete U statistics based on MRS designs as U -
statistics of minimal rectangular scheme or UMRS’s. Let us note that the
UMRS’s (unlike USPD) are uniformly more efficient than the corresponding
ones based on random designs, that is, the designs in which the n(n − 1) of
the m-sets belonging to the design are selected at random from Smn,m (with
or without replacement). To that end we shall need first the following result.

Lemma 6.4.1 (Variance formula for U-statistics of random design).
Consider an incomplete U -statistic (6.5) where the design D is created by
selecting at random |D| = d subsets from Sl,k. Then the variance V (RND) of
such a U -statistic is as follows.

(i) For selection with replacement

V (RND) =

(
1 − 1

d

)
V ar U

(k)
l +

1

d
V ar hk. (6.30)

(ii) For selection without replacement

V (RND) =
K(d − 1)

d(K − 1)
V ar U

(k)
l +

K − d

d(K − 1)
V ar hk

where K =
(

l
k

)
.

Proof. We proof only (i) as (ii) is similar. If S1, . . . , Sd are d subsets selected
from K subsets at random with replacement then for i 
= j,

Cov (h(Si), h(Sj)) = K−2
∑

S∈Sl,k

∑

T∈Sl,k

Cov (h(S), h(T ))

= V ar U
(k)
l .

Thus

V (RND) = d−2

⎛

⎝
∑

i�=j

Cov (h(Si), h(Sj)) +
∑

i

V ar h(Si)

⎞

⎠

= d−2
(
d(d − 1)V ar U

(k)
l + dV ar hk

)
.

⊓⊔
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Using the above variance formula for the random design U -statistic for selec-
tion with replacement in case when we select d = n(n−1) m-sets from Smn,m

we obtain from (6.30)

V (RND) =

(
1 − 1

n(n − 1)

)
V ar U (m)

mn +
1

n(n − 1)
V ar hm.

If we now denote by V0 the variance of UMRS then for n ≥ 2 we have, by
(6.3) and Theorem 6.4.1 above that

V (RND) − V0 =
(

1 − 1

n(n − 1)

) m∑

c=2

(
m
c

)2
(
mn
c

)V ar gc +
m

n2
V ar g1 > 0.

A similar relation holds for selection without replacement if only m, n ≥ 3.
Recall from the previous section that

ARE = lim
l→∞

V ar U
(k)
l

V ar U
(k)
D

and that in Theorem 6.3.1 it was shown that for the permanent design U -
statistics in a large class of kernels their ARE was equal unity. Interestingly
enough, similar result, although for a smaller class and only for non-degenerate
kernels, is also true for UMRS’s. Hence under certain conditions the variance of
an incomplete U -statistic based on MRS for which d = n(n−1) may be close to
that of a corresponding U -statistic of permanent design for which d =

(
n
m

)
m!

or a complete (non-degenerate) U -statistic (6.15) for which d =
(
mn
m

)
. This

turns out to be the case in a class of kernels, where the corresponding variances
of the conditional kernels grow not too fast relatively to each other. In order
to state and prove this result we shall need the following sharp lower bound
on the variance of a U -statistic, due to Vitale (1992).

Lemma 6.4.2. Suppose that U
(k)
l is a U -statistic of level of degeneration r−1

based on the kernel of k arguments hk satisfying E h2
k < ∞, then

(
k
r

)2
(

l
r

) V ar hr ≤ V ar U
(k)
l .

⊓⊔

We do not give the proof of this result here as its relies on some linear pro-
graming methods which are outside our scope. Interested reader is referred
to the original paper Vitale (1992, theorem 6.2). It turns out that the lemma
above is useful in proving the following.
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Theorem 6.4.2. Let us consider any non-degenerate U -statistic U
(m)
mn given

by (6.15) and let the variance of UMRS be denoted by V0 and ∆
(n)
k stand for

the ratio V ar hk/(k V ar h1) for k = 1, . . . , m. Then we have

V0

V ar U
(m)
mn

− 1 ≤ (n + 1) (∆
(n)
m − 1) − (m − 1)2 (∆

(n)
2 − 1)

n2 − 1 + (m − 1)2 (∆
(n)
2 − 1)

≤ ∆
(n)
m − 1

n − 1
.

In particular, if

lim sup
n

∆(n)
m < ∞ (6.31)

then ARE of UMRS vis à vis U
(m)
mn equals one.

Via (1.18) it follows that ∆
(n)
k ≥ 1 for k ≥ 1 hence the second inequality

above is immediate. The condition (6.31) requires the entries of the double

array ∆
(n)
k for k = 1, . . . , m and n = 1, 2, . . . to be uniformly bounded from

above and may be thought of as the restriction on the rate of growth of the

variance of U
(m)
mn , since it implies by (6.4) that V ar U

(m)
mn = O(m

n
V ar h1). Let

us note that this condition is trivially satisfied for any U -statistic for which
the kernel function does not depend upon the sample size.

Proof. Let us assume (without loss of generality) that E hm = 0. Denoting as
before the variance of UMRS by V0 we consider the ratio

0 ≤
V0

V ar U
(m)
mn

− 1 =

(n−2)m
n(n−1) V ar h1 + 1

n(n−1) V ar hm

m
n

V ar h1 + V ar R
(m)
mn

− 1

where the last expression is obtained by applying the form (1.16) of the H-

decomposition to U
(m)
mn (as r = 1) and using the variance formula for V0

derived in Theorem 6.4.1. Let us note that we can obtain the ratio’s upper
bound as follows

(n−2) m

n(n−1) V ar h1 + 1
n(n−1) V ar hm

m
n

V ar h1 + V ar R
(m)
mn

− 1 ≤

m V ar h1

n(n−1)

(
∆

(n)
m − 1

)
− V ar R

(m)
mn

m
n

V ar h1 + V ar Rmn,1
.

Recall that R
(m)
mn is itself a U -statistic with a level of degeneration equal

to one since it is based on the kernel h̃m(x1, . . . , xm) = hm(x1, . . . , xm) −∑m

i=1 h1(xi). By means of Vitale’s result (Lemma 6.4.2) we obtain,

V ar R(m)
mn ≥

(
m

2

)2(
mn

2

)−1

V ar h̃2 =

(
m

2

)2(
mn

2

)−1

(V ar h2 − 2V ar h1)

≥
m(m − 1)2

n(n2 − 1)
V ar h1

(
∆

(n)
2 − 1

)
.

Combining the above inequalities entails the final result. ⊓⊔
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We should perhaps note that the right-most inequality in the assertion of
the theorem can be inferred directly from Vitale’s result with r = 1. The
intermediate inequality derived above is, however, relevant when estimating
relative efficiency with fixed sample sizes. Let us also note that the result
indicates that under the proviso (6.31) the ratio of the variances converges
to one (from above) at the rate of O(1/n), regardless of the size m of the
kernel. This implies, in particular, that UMRS’s should be equally efficient in
the case when kernel’s order m grows along with the sample size.

6.5 Existence and Construction of MRS

Let us note that, as mentioned before, the problem of finding MRS can be
formulated in terms of the design theory as the search for a binary, partially
balanced, incomplete block design with at most three associate classes (or
PBIB(3) design) following the rectangular (association) scheme with the fol-
lowing design parameters: number of treatments v = mn, block size t = m,
number of blocks b = (n−1)n, and number of replications s = n−1. In order
to construct such MRS as well as answer the question of its existence let us
first discuss some additional concepts needed in the sequal.

6.5.1 Strongly Regular Graphs

We first introduce two useful notions, namely that of a regular and a strongly
regular graph.

Definition 6.5.1 (Regular graph). Let V be a set of vertices and E =
{(ik, jk) : ik, jk ∈ V ; ik �= jk} be a set of edges. A pair G = (V, E) is called an
undirected graph of order d = |V |. It is called a regular (undirected) graph of
order d and degree k if for each vertex v ∈ V the number of edges containing
v is constant and equals k.

A simple example of a regular graph is a complete graph K(d) = G(V, Emax),
i.e. a graph for which the set of edges is Emax = {(i, j) : i, j ∈ V ; i �= j}. Recall
that we call two vertices adjacent if they share an edge. We shall denote the
adjacency matrix of G by A. It turns out that the following special subclass
of regular graphs shall be especially useful for our purpose.

Definition 6.5.2 (Strongly regular graph). A strongly regular graph G
with a set of the parameters (d, k, λ, µ) is a regular graph of order d and
degree k such that for any a, b ∈ V a �= b

(i) if a, b are adjacent vertices there exist exactly λ further vertices of G adja-
cent to both a and b;

(ii) if a, b are non-adjacent vertices there exist exactly µ further vertices adja-
cent to both a and b.
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An example of a strongly regular graph is given in Figure 6.1. For a more
detailed introduction to the properties and basic theory of strongly regular
graphs see, e.g., Brualdi and Ryser (1991).

Definition 6.5.3 (Complement of a graph). Let Emax denote a complete
set of edges, i.e, the set created by considering all possible pairs of vertices in
G. The graph Ḡ = (V, Emax\E) is called a complement of G.

The following two properties of strongly regular graphs shall be subse-
quently of interest.

Lemma 6.5.1. Let G be a strongly regular graph with parameters (d, k, λ, µ).
Then

(i) Ḡ is also a strongly regular graph with parameters (d̄ = d, k̄ = d−k−1, λ̄ =
d − 2k − 2 + µ, µ̄ = d − 2k + λ).

(ii) If µ = 0 then G is a union of disjoined complete graphs K(k + 1).
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Fig. 6.1. The five- and three-symmetric representations of the Petersen graph which
is a classical example of a strongly regular graph with parameters (10, 3, 0, 1).
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Proof. We first prove part (i). Let G(d, k, λ, µ) be a strongly regular graph
with adjacency matrix A. Then the adjacency matrix determines uniquely
G(d, k, λ, µ). We know that the entry in the (i, j) position of A2 equals the
number of paths of length two with vertices i and j as endpoints. This number
however, by the definition of a strongly regular graph, has to be equal to k, λ,
or µ depending on whether the vertices are equal, adjacent or nonadjacent.
If we let as before J = J(d, d) denote a d × d matrix of unit entries, then we
see that the above argument implies that G is a strongly regular graph with
given parameters if and only if its adjacency matrix A satisfies

A
2 = kI + λA + µ(J − I − A). (6.32)

Note that the adjacency matrix of Ḡ is simply Ā = J − I − A. Consider now

(J − I − A)2 = J
2 − 2J − JA − AJ + I + 2A + A

2. (6.33)

Due to (6.32) and since J2 = dJ and JA = AJ = kJ, the expression on the
right hand side of (6.33) may be written as

(d − 2 − 2k)J + I + 2A + kI + λA + µ(J − I − A)

= (d − k − 1)I + (n − 2 − 2k + µ)(J − I − A) + (d − 2k + λ)A

which proves (i).
In order to prove (ii) we multiply the equation (6.32) by a column vector

of unit values to obtain

k2 = k + λk + µ(d − 1 − k).

For µ = 0 this implies that
λ = k − 1

and thus each vertex of G belongs to a complete graph on k + 1 vertices
K(k + 1). Hence part (ii) follows. ⊓⊔

6.5.2 MRS and Orthogonal Latin Squares

As noted earlier even though MRS designs have some optimal properties so
far we have not shown that they may be in fact constructed. Before we turn
to this problem, let us first introduce the following notion.

Definition 6.5.4 (Mutually Orthogonal Latin Squares). A Latin square
of order n is an n × n array based on a set T of n symbols, such that each
row and each column contains each symbol exactly once. Two Latin squares
L1 = (aij) and L2 = (bij) of order n on symbol set T are said to be orthogonal
if every element in T×T occurs exactly once among the n2 pairs (aij , bij), 1 ≤
i, j ≤ n. A set of Latin squares L1, L2, L3, · · · , Lk is mutually orthogonal,
or a set of MOLS’s, if for every 1 ≤ i < j ≤ k, Li and Lj are orthogonal.
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Let N(n) denote the maximal number of Latin squares in a set of MOLS’s
of side n. It is easily verifiable that the total number of MOLS’s of order n
cannot exceed n−1, i.e., N(n) ≤ n−1. If N(n) = n−1, then a set of MOLS’s
is said to be complete. For more details on the properties of Latin squares we
refer to Street and Street (1987, p 126–133).

We are now ready to prove the main result of this section which relates
the existence of MRS with arbitrary m ≤ n to the existence of a complete set
of MOLS’s. The method of the proof gives also an explicit construction of the
design from a complete set of MOLS’s.

Theorem 6.5.1. A minimal rectangular scheme design having parameters
v = mn, b = n(n − 1), s = n − 1, t = m, exists for each m = 2, 3 . . . , n
if and only if there exists a set of n − 1 mutually orthogonal n × n Latin
squares.

Proof. We first show sufficiency. For any 2 ≤ m ≤ n consider mn treatment
(sample) indices arranged in a rectangular array of m rows and n columns
and consider a complete set of n − 1 MOLS’s of order n. Superimposing any
fixed m rows of any two these Latin squares on the rectangular array of mn
indices and forming blocks with treatment indices corresponding to the same
symbol on the superimposed Latin square, we can generate n(n − 1) blocks.
Clearly v = mn, b = n(n − 1), s = n − 1, t = m and the completeness of a
set of MOLS’s implies other MRS conditions as well.

For the proof of necessity we take m = n and consider a collection of
b = n(n − 1) blocks of t = n treatments belonging to MRS design. We note
that by definition of MRS any two distinct blocks have at most one treatment
in common. Moreover, since every treatment occurs exactly s = n − 1 times
in the design it follows that for every block there is exactly n(n− 2) different
blocks which share one of its n treatments. Let us introduce a square 0 − 1
matrix C = [cij ] of n(n−1) rows and columns with the off-diagonal entries cij

being one or zero depending on whether the blocks i and j share a treatment.
We put cii = 0. The symmetric matrix C is know in design theory as the
concurrence matrix of a dual design and has the property that its rows and
columns sum up to n(n − 2). It is easy to see that the matrix C defines a
strongly regular graph of degree k = n(n − 2) on d = n(n − 1) vertices with
parameters λ = n(n − 3) and µ = n(n − 2). Moreover, a complement of
this graph has parameters d̄ = d, k̄ = n − 1, λ̄ = n − 2, µ̄ = 0 and thus by
Lemma 6.5.1 is a disjoint union of complete graphs K(n) which implies that
the MRS design can be partitioned into n−1 disjoint sets of n non-overlapping
blocks of length n. Let us note that every such set must necessarily contain
all of the v = n2 treatments. Having found the partitioning of the design
blocks into n − 1 sets of n blocks, we see that the properties of MRS design
now impose that this partitioning must correspond to a collection of n − 1
mutually orthogonal n×n Latin squares. Indeed, consider an arbitrary set in
the partitioning. By the properties of the MRS design it has to consist of the
n blocks which are disjoint n-transversals of the n × n matrix of treatments.
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Hence associating each n-transversal with a different symbol from the set
{1, . . . , n} we note that no two such symbols may share a row or a column in
the matrix of treatments, which is a Latin square condition. Thus we see that
each set of the partitioning corresponds to a Latin square. The fact that these
n − 1 Latin squares of size n must be orthogonal follows immediately from
the fact that no treatments may be shared by any blocks of the MRS design
more than once. Thus the partitioning gives us a complete set of MOLS’s of
order n on the set of symbols {1, 2, . . . , n}. ⊓⊔

In general, the existence of a complete set of MOLS for an arbitrary integer
n ≥ 3 is an intriguing combinatorial problem dating back to the celebrated
Euler’s conjecture (see, e.g., Bose et al. 1960). However, for the set of integers
of the form n = ps where p is prime and s ≥ 1, it is known that N(n) = n−1.
Although we shall not discuss it here, it turns out that the construction of a
corresponding set of MOLS’s is quite simple (see, for instance, Street & Street
1987, pp. 129–131). In view of this we have the following more explicit result
on the existence of MRS designs.

Corollary 6.5.1. If n = pi for some positive integers i, p, where p > 1 is also
a prime number, then MRS design with parameters v = mn, b = n(n−1), s =
n − 1, t = m, exists for each m = 2, 3 . . . , n. ⊓⊔

A rectangle created by removing last n−m row(s) from a Latin square is
called m× n Latin rectangle. Theory of mutually orthogonal Latin rectangles
(cf., e.g., Horák et al. 1997) parallels that of Latin squares. Using the notion
of Latin rectangles one may state a slightly more general version of the result
in Theorem 6.5.1.

Theorem 6.5.2. A minimal rectangular scheme design having parameters
v = mn, b = n(n − 1), s = n − 1, t = m, exists for a fixed m satisfying
2 ≤ m ≤ n if and only if there exists a set of n − 1 orthogonal m × n Latin
rectangles.

Proof. The proof of this result is very similar to that of Theorem 6.5.1 and
hence omitted. ⊓⊔

6.6 Examples

Let us conclude this chapter with some examples of the applicability of the
results discussed in the previous section.

Example 6.6.1. Let n = 6 then it is well known (see. e.g., Stinson 1984) that
N(6) = 1. Hence by Theorem 6.5.1 no MRS design exists for the parameters
v = 36, b = 30, t = 6, s = 5.

On the other hand, for n being a prime power we can always construct a set
of n − 1 MOLS’s and thus also the MRS design.
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Example 6.6.2. Consider T = {a, b, c, d} and n = 4 = 22, so there are n−1 = 3
MOLS’s of order n = 4 as shown below (for the algorithm to construct these
MOLS’s see, e.g., Street & Street 1987):

a b c d a b c d a b c d
d c b a c d a b b a d c
b a d c d c b a c d a b
c d a b b a d c d c b a

Consider m = 4. Superimposing the following 4 × 4 array of sample indices
on the rows of each of the above Latin squares

1 2 3 4
5 6 7 8
9 10 11 12
13 14 15 16

we see that, for instance, the symbol a corresponds to the index ‘1’ in the
first row, the index ‘‘8’ in the second row, the index ‘10’ in the third row, and
the index ‘15’ in the fourth row which thus gives us the block {1, 8, 10, 15}.
Following the same procedure for the symbols b, c, d, we obtain the following
required rectangular design with parameters v = mn = 16, b = n(n − 1) =
12, t = m = 4, s = 3 and the design blocks displayed by columns below:

1 2 3 4 1 2 3 4 1 2 3 4
8 7 6 5 7 8 5 6 6 5 8 7
10 9 12 11 12 11 10 9 11 12 9 10
15 16 13 14 14 13 16 15 16 15 14 13

Having constructed the design for m = 4 we can now easily construct
designs for any m ≤ 4 by simply deleting the appropriate rows of the above
design matrix. Thus, for instance, the MRS design for m = 3 may be obtained
be deleting the last row, for m = 2 by deleting the two last rows, etc.

In the final example, let us make a comparison of the relative efficiency
between MRS’s and random designs for a specific U -statistic.

Example 6.6.3. Let us consider a particular U -statistic of the form (6.15)

H(m)
mn =

(
mn

m

)−1 ∑

(i1,...,im):{i1,...,im}⊂{1,...,n}
max(X1,i1 , . . . , Xm,im).

Let F be the underlying distribution function for the Xi,j ’s and let X be
equidistributed with Xi,j ’s. It is not difficult to see that the above statistic
is an unbiased estimator of the so called probability weighted moment βm =

m E [X F (X)m−1], that is, E H
(m)
mn = βm. The sequence of constants (βm)m≥1

characterizes the underlying distribution, in the sense that for different F ’s
we shall have different sequences (βm)m≥1. For the sake of computational
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simplicity let us assume henceforth that F is a distribution function of the
uniform distribution U(0, 1). Then, we have for c = 1, . . . , m

hc(x1, . . . , xc) = E max(x1, . . . , xc, Xc+1, . . . , Xm)

=
m − c

m − c + 1
+

max(x1, . . . , xc)
m−c+1

m − c + 1
,

where the Xk’s are mutually independent and equidistributed with X , as
well as

V ar hc =
c

(m + 1)2 (2m − c + 2)
.

From the above it follows that Tm is non-degenerate (r = 1) and satisfies the
condition (6.21), since for m ≥ 1

V ar hm

m V ar h1
=

2m + 1

m + 2
≤ 2.

For the statistic H
(m)
mn , let us make a comparison of the efficiency between MRS

design and the one based on the random selection method (when selection is
done without replacement). If we denote

REMRS =
V ar (H

(m)
mn )

V0
and RERND =

V ar (H
(m)
mn )

V (RND)

where V (RND) is given by (6.4) and V0 is the variance for MRS design
as given in Theorem 6.4.1 we find out that, for instance, for the parameters
considered in the previous example we have the values summarized in Table 6.3
below.

As we can see from Table 6.3, MRS seems to have a distinct edge over
the random design selection for small sample sizes, which is consistent with
the above derivations (very similar results are also obtained if we consider
selection without replacement).

In order to compare the quantities REMRS and RERND for large kernel
and sample sizes we have tabulated several values of the variance ratios for the
three different sequences mn = m(n) and different total sample sizes mn. All
non-integer values have been rounded to the nearest integer. The results are
presented in Table 6.4. From that table we can clearly see that MRS seems to

Table 6.3. Relative efficiency of MRS vs random design RND for fixed m.

m sample size REMRS RERND

(mn =)

2 8 0.956 0.758
3 12 0.937 0.737
4 16 0.924 0.724
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Table 6.4. Relative efficiency of MRS vs random design RND when m increases.

m(n) approx. sample REMRS RERND

size (mn ≈)

10 0.898 0.816
ln(n) 100 0.993 0.953

1000 0.999 0.992

10 0.960 0.776√
n 100 0.988 0.933

1000 0.997 0.982

10 0.957 0.773
n/2 100 0.977 0.894

1000 0.990 0.960

be more efficient than random selection also for larger sample sizes, especially
when m is growing at a faster rate. For very large sample sizes (1000) the
differences are less pronounced but also clearly visible. The appeal of the
MRS design seems to be, therefore, in its efficiency and also in the relative
simplicity of its construction which in essence requires only the creation of the
appropriate set of Latin squares, a task which can be easily done, for instance,
by a computer program.

6.7 Bibliographic Details

The original article by Blom (1976) as well as Lee (1982) and Lee (1990, chap-
ter 4) are good sources of information on incomplete U -statistics for the case
of both random and deterministic selection of subsets. In particular, the intro-
ductory material herein on incomplete U -statistics is largely taken from chap-
ter 4 in Lee (1990). We refer readers there for further references and examples
of various applications (including e.g., applications to the analysis of random
graphs). Additionally, the papers of Frees (1989), Politis and Romano (1994)
and Nowicki and Wierman (1988)) as well as Janson (1984) provide some use-
ful results on the asymptotic behavior of incomplete U -statistics with random
subsets selection. Some interesting non-random designs are also presented in
Brown and Kildea (1978), Enqvist (1985), Herrndorf (1986). The material
on permanent designs presented in this chapter is taken from Rempa�la and
Weso�lowski (2003) whereas the discussion of minimal rectangular designs and
the result of Theorem 6.5.1 come from the original paper of Rempa�la and
Srivastav (2004). The section on strongly regular graphs is largely based on
chapter 5 in Brualdi and Ryser (1991). The general reference to experimental
design theory is provided e.g., in the monograph by Street and Street (1987).
The methods of constructing designs based on rectangular schemes of associ-
ations have been considered by many authors, typically, however, not in the
context of U -statistics and for different sets of parameters than MRS. For
some related PBIB(3) designs with rectangular association schemes one can
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see, for instance, the review paper by Sinha and Mitra (1999) and references
therein, as well as, Sinha et al. (1993), Bagchi (1994), Vartak and Diwanji
(1989) and earlier Stahly (1976).

In the special case of m = n the MRS design is a PBIB(2) design of L2(n)
association type and its construction is discussed e.g., in Raghavarao 1988. It
follows from the general result on PBIB(2) designs of Cheng and Bailey (1991)
that for m = n the MRS and its dual are both optimal in the appropriate
class of equireplicate designs with respect to a large class of combinatorial
criteria including the so-called A, D and E criteria. In particular, Bagchi and
Cheng (1993) showed the E-optimality of the MRS design for m = 2 (note
that in this case it is also a permanent design).



7

Products of Partial Sums and Wishart

Determinants

7.1 Introduction

In this chapter we shall consider a problem of asymptotic behavior of products
of partial sums of identically distributed random variables and also products
of U -statistics.

The results discussed here shall eventually lead us to a limit theorem for
determinants of Wishart matrices as well as several extensions of the classi-
cal result on the lognormal limit for the products of independent, identically
distributed, positive, and square integrable random variables which derive
from the classical central limit theorem (CLT) as stated for instance in Corol-
lary 4.3.1. In the present chapter, we show that the limiting laws of the prod-
ucts of subsequent partial sums of independent and equidistributed random
variables are also lognormal and that this result extends to non-degenerate
“classical” U -statistics with fixed kernel functions.

Rather unexpectedly, one of the first results for the products of partial
sums of independent identically distributed random variable appeared during
investigations of the limiting properties of sums of records. We recall that for
a sequence (Xn) of random variables the sequence of records is defined in the
following way. Let T1 = 1 be the first record time and R1 = X1 be the first
record. Then for n > 1 the n-th record time Tn and the n-th record Rn are
defined recursively as

Tn = inf{j > Tn−1 : Xj > Rn−1} and Rn = XTn .

If Xn’s are independent and have the common distribution function F , which
is continuous, then the following in-distribution representation occurs

(Rn)n≥1
d
= (ψF (Sn))n≥1 ,

where Sn = Z1 + . . . + Zn is the n-th partial sum of the sequence (Zn) of
independent standard (i.e. with the unit mean) exponential random variables,
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and ψF (x) = F−1(1 − e−x), x ≥ 0. Here F−1 denotes the quantile function
(the generalized inverse of the distribution function) defined as F−1(w) =
sup{x : F (x) ≤ w}, w ∈ [0, 1]. Thus for the n-th sum of records the following
in-distribution representation holds

n∑

k=1

Rk
d
=

n∑

k=1

ψF (Sk).

If independent random variables in the sequence (Xn) have the common
Gumbel distribution, i.e.

F (x) = 1 − e−ex

, x ∈ R,

then ψF (x) = log(x), x > 0, and thus

n∑

k=1

Rk
d
= log

(
n∏

k=1

Sk

)
.

Investigations of the asymptotic behaviour of sums of records of Gumbel
sequences led to the following version of the CLT for a sequence (Zn) of
independent and identically distributed exponential random variables with
the mean equal one

∑n
k=1 log(Sk) − n log(n) + n√

2n

d→ N (7.1)

as n → ∞, where Sk = Z1 + . . . + Zk, k = 1, 2, . . ., and N is a standard
normal random variable. The original proof of this result was heavily based
on a very special property of exponential (gamma) distributions: namely on
joint independence of ratios of subsequent partial sums and the last sum. Also
the classical result on weak limits for records was exploited.

Observe that, via the Stirling formula, the relation (7.1) can be equiva-
lently stated as (

n∏

k=1

Sk

k

) 1
√

n

d→ e
√

2N .

The main purpose of our current discussion is to give a wider exposition of
the topic of limits of products of random sums and in particular to extend the
limiting result recalled above to any sequence of sums of square integrable,
positive, independent and identically distributed random variables.

Let X (∞) be a random matrix of square integrable entries satisfying as
before the assumptions (A1-A2). We modify it by replacing all the above
diagonal entries by zeros. In our current scenario instead of the P -statistic we
consider products of the row-sums of matrix entries.

Herein we shall only consider two simplest special cases of the general
exchangeability assumptions (A1-A2). The first one is X (∞) = X, i.e., when
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X is one dimensional projection matrix and the second one is when X (∞) is a
matrix of all independent identically distributed entries. In the both cases we
modify X (∞) by inserting zeroes above the diagonal.

Note that the relation (7.1) for the exponential variables above was
obtained under the assumption X (∞) = X. This assumption obviously implies
that the sequence of partial sums (Sk)k≥1 is obtained from a single sequence
of independent random variables (and thus the entries of the sequence (Sk)k≥1

are not independent). The extensions of (7.1) to arbitrary square integrable
random variables as well as to U -statistics, is discussed in the next two
sections.

In case when X (∞) consists of all independent entries, we obtain a trian-
gular array of independent and identically distributed random variables and
consider products of its subsequent row sums. This second setting leads to
independent partial sums and, as it is pointed out in the last section of the
chapter, allows in particular to investigate the limiting behavior of determi-
nants of Wishart matrices. The result on random determinant for Wishart
matrices (given below in Theorem 7.4.1) is on one hand an interesting appli-
cation of the methods developed and discussed in this chapter, but on the
other hand it also allows for a comparison of a limiting behavior of a random
determinant with that of a random permanent as presented in Chapter 3.

Note that an alternative setting is by considering a single sequence (Xn) of
independent identically distributed random variables and a sequence of sums

Sk = Xak+1 + Xak+2 + . . . + Xak+1
,

where ak = k − 1, k = 1, 2, . . ., in the first setting of subsequent partial sums,

and ak = k(k−1)
2 , k = 1, 2, . . ., in the second setting of independent sums of

growing length.
The limiting behaviour of products of sums arising form arbitrary se-

quences (ak) is not known in general. The problem can be further generalized
by introducing the parameters (rk) for lengths of sums. In the present setting
rk = k.

7.2 Products of Partial Sums for Sequences

As outlined above, let us first consider a sequence (Xn)n≥1 of independent and
identically distributed random variables, along with a corresponding sequence
of their partial sums (Sk)k≥1 The main result we would like to obtain is a
general version of (7.1), without assumptions of any particular distribution
for the Xi’s.

Theorem 7.2.1. Let (Xn) be a sequence of independent and identically dis-
tributed positive square integrable random variables. Denote µ = EX1 > 0,
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the coefficient of variation γ = σ/µ, where σ2 = V ar (X1), and Sk =
X1 + . . . + Xk, k = 1, 2, . . .. Then

(∏n
k=1 Sk

n!µn

) 1
γ
√

n
d→ e

√
2N , (7.2)

where N is a standard normal random variable.

Before proving the above result we will establish a version of the classi-
cal central limit theorem, essentially, for scaled independent and identically
distributed random variables. To this end we will use the CLT for triangu-
lar arrays (see, Corollary 4.3.1), so the basic step in the proof will rely on
verifying the Lindeberg condition.

Lemma 7.2.1. Under the assumptions of Theorem 7.2.1

1

γ
√

2n

n∑

k=1

(
Sk

µk
− 1

)
d→ N . (7.3)

Proof. Let Yi = (Xi − µ)/σ, i = 1, 2, . . ., and denote S̃k = Y1 + . . . + Yk,
k = 1, 2, . . .. Then (7.3) becomes

1√
2n

n∑

k=1

S̃k

k

d→ N .

Observe that
n∑

k=1

S̃k

k
=

n∑

k=1

1

k

k∑

i=1

Yi =
n∑

i=1

bi,nYi ,

where

bi,n =

n∑

k=i

1

k
, i = 1, . . . , n.

Define now

Zi,n =
bi,n√
2n

Yi,

and observe that E(Zi,n) = 0 and

V ar(Zi,n) =
b2
i,n

2n
, i = 1, . . . , n.

Also, since for k ≥ l,

Cov

(
S̃k

k
,
S̃l

l

)
=

1

k
,
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then

V ar

(
n∑

i=1

Zi,n

)
=

1

2n
V ar

(
n∑

k=1

S̃k

k

)
1

2n

(
b1,n + 2

n∑

k=2

k−1∑

l=1

1

k

)

=
1

2n

(
b1,n + 2

n∑

k=2

k − 1

k

)
= 1 − b1,n

2n
→ 1

as n → ∞. Observe that as a by-product of the above computation we have
obtained the identity

n∑

k=1

b2
i,n = 2n− b1,n. (7.4)

In order to complete the proof we need to check that the Lindeberg con-
dition is satisfied for the triangular array [Zi,n]. Take any ε > 0. Then, using
(7.4), we get

n∑

i=1

E(Z2
i,nI(|Zi,n| > ε)) =

1

2n

n∑

i=1

b2
i,nE

(
Y 2

i I

(
|Yi| >

ε
√

2n

bi,n

))

≤ 1

2n

n∑

i=1

b2
i,nE

(
Y 2

i I

(
|Yi| >

ε
√

2n

log(n)

))
=

an

2n

n∑

i=1

b2
i,n = an

(
1 − b1,n

2n

)
,

where

an = E

(
Y 2

i I

(
|Yi| >

ε
√

2n

log(n)

))

does not depend on i. Since an → 0 as n → ∞ then the Lindeberg condition
holds. ⊓⊔

With the result of the lemma above established, we may now prove the
theorem.
Proof of Theorem 7.2.1. The proof relies on the delta-method (or the Taylor
series) expansion. In what follows we use only elementary considerations to
justify its validity.

Denote Ck = Sk/(µk), k = 1, 2, . . .. By the strong law of large numbers it
follows that for any δ > 0 ∃ R such that ∀ r > R

P (sup
k≥r

|Ck − 1| > δ) < δ.

Consequently, there exist two sequences (δm) ↓ 0 (δ1 = 1/2) and (Rm) ↑ ∞
such that

P ( sup
k≥Rm

|Ck − 1| > δm) < δm.
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Take now any real x and any positive integer m. Then

P

(
1

γ
√

2n

n∑

k=1

log(Ck) ≤ x

)

= P

(
1

γ
√

2n

n∑

k=1

log(Ck) ≤ x , sup
k>Rm

|Ck − 1| > δm

)

+ P

(
1

γ
√

2n

n∑

k=1

log(Ck) ≤ x , sup
k>Rm

|Ck − 1| ≤ δm

)

= Am,n + Bm,n

and Am,n < δm.

To compute Bm,n we will expand the logarithm: log(1+x) = x− x2

2 (1+θx)2 ,

where θ ∈ (0, 1) depends on x ∈ (−1, 1). Thus,

Bm,n

= P

(
1

γ
√

2n

Rm∑

k=1

log(Ck) +
1

γ
√

2n

n∑

k=Rm+1

log(1 + (Ck − 1)) ≤ x ,

sup
k>Rm

|Ck − 1| ≤ δm

)
=

and

Bm,n

= P

(
1

γ
√

2n

Rm∑

k=1

log(Ck) +
1

γ
√

2n

n∑

k=Rm+1

(Ck − 1)

− 1

γ
√

2n

n∑

k=Rm+1

(Ck − 1)2

(1 + θk(Ck − 1))2
≤ x , sup

k>Rm

|Ck − 1| ≤ δm

)

= P

(
1

γ
√

2n

Rm∑

k=1

log(Ck) +
1

γ
√

2n

n∑

k=Rm+1

(Ck − 1)

−
[

1

γ
√

2n

n∑

k=Rm+1

(Ck − 1)2

(1 + θk(Ck − 1))2

]
I( sup

k>Rm

|Ck − 1| ≤ δm) ≤ x

)

− P

(
1

γ
√

2n

Rm∑

k=1

log(Ck) +
1

γ
√

2n

n∑

k=Rm+1

(Ck − 1) ≤ x, sup
k>Rm

|Ck − 1| > δm

)

= Dm,n + Fm,n.
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where θk, k = 1, . . . , n are (0, 1)-valued random variables and Fm,n < δm.
Rewrite Dm,n as

Dm,n = P

(
1

γ
√

2n

Rm∑

k=1

(log(Ck) − Ck + 1) +
1

γ
√

2n

n∑

k=1

(Ck − 1)

−
[

1

γ
√

2n

n∑

k=Rm+1

(Ck − 1)2

(1 + θk(Ck − 1))2

]
I( sup

k>Rm

|Ck − 1| < δm) ≤ x

)
.

Observe now that for any fixed m

1

γ
√

2n

Rm∑

k=1

(log(Ck) − Ck + 1)
P→ 0 (7.5)

as n → ∞ (as a matter of fact this sequence converges to zero a.s.).
Note that for |x| < 1/2 and any θ ∈ (0, 1) it follows that x2/(1+θx)2 ≤ 4x2.

Then for any m

[
1

γ
√

2n

n∑

k=Rm+1

(Ck − 1)2

(1 + θk(Ck − 1))2

]
I( sup

k>Rm

|Ck − 1| < δm)

≤ 4√
2n

n∑

k=1

(Ck − 1)2
P→ 0, (7.6)

as n → ∞. The above is a consequence of the Markov inequality, since for any
ε > 0

P

(
4√
2n

n∑

k=1

(Ck − 1)2 > ε

)

≤ 4

ε
√

2n

n∑

k=1

V ar(Ck) =
4

ε
√

2n

n∑

k=1

1

k
→ 0

as n → ∞ for any fixed m.
Since by Lemma 7.2.1 it follows that

1

γ
√

2n

n∑

k=1

(Ck − 1)
d→ N

as n → ∞ then by (7.5) and (7.6) we conclude that for any fixed m

Dm,n → Φ(x),

where Φ is the standard normal distribution function.
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Finally, observe that

P

(
log

(∏n

k=1 Sk

n!µn

) 1
γ
√

n

≤ x

)
= P

(
1

γ
√

2n

n∑

k=1

log(Ck) ≤ x

)

= Am,n + Dm,n + Fm,n

which implies (2) since Am,n + Fm,n < 2δm → 0 as m → ∞, uniformly in n.
⊓⊔

The following example illustrates some applications of the theorem.

Example 7.2.1. In Arnold and Villaseñor (1998) the following identity was
proved:

Tn =

n∑

k=1

log(

k∑

i=1

Xk)
d
= −

n∑

i=1

X̃i + nRn

where (Xn) and (X̃n) are independent sequences of independent and identi-
cally distributed standard exponential random variables and Rn is nth record
from an independent sequence of independent and identically distributed
Gumbel random variables (R1 is the first observation). Consequently,

Tn − n log(n) + n√
2n

d
=

1√
2

(
−
∑n

i=1 X̃i − n√
n

+
√

n(Rn − log(n))

)
.

Now, in view of the result above, we can apply the argument used by Arnold
and Villaseñor (1998) in the reverse order. From Theorem 7.2.1 it follows that
the left hand side converges in distribution to the standard normal law and
the same holds true by the standard CLT for the first element at the right
hand side. Now since the first and the second element at the right-hand side
are independent, it follows that

√
n(Rn − log n) is asymptotically standard

normal, which proves Resnick’s limit theorem (Resnick (1973)) for records
from the Gumbel distribution.

The following lemma shall be useful in investigating a law of large numbers
result corresponding to Theorem 7.2.1.

Lemma 7.2.2 (Toeplitz’s lemma). Let (xn) be a real sequence such that

xn → x < ∞ as n → ∞. Let wni > 0 be an array of weights for which∑n

i=1 wni = 1 for all n ≥ 1 as well as max1≤i≤n wni ↓ 0 as n → ∞. Then∑n

i=1 wnixi → x.

Proof. For any ε > 0 and sufficiently large n, N consider
∣∣∣∣∣

n∑

i=1

wni xi − x

∣∣∣∣∣ =

∣∣∣∣∣

N∑

i=1

wni (xi − x) +
n∑

i=N+1

wni (xi − x)

∣∣∣∣∣

=

N∑

i=1

wni |xi − x| +
n∑

i=N+1

wni |xi − x| ≤ 2ε



7.2 Products of Partial Sums for Sequences 157

To argue the last inequality first choose N such that |xi −x| ≤ ε for all i > N
and then choose n such that wni ≤ ε/(N max1≤i≤N |xi − x|). It follows that

N∑

i=1

wni|xi − x| ≤ max |Si − S|
N∑

i=1

wni ≤ ε

as well as
n∑

i=N+1

wni|xi − x| ≤ ε

n∑

i=N+1

wni ≤ ε

where the last inequality follows from
∑n

i=1 wni = 1. Since ε was arbitrary,
the proof is completed. ⊓⊔

Theorem 7.2.2. Let (Xn) be a sequence of independent and identically dis-
tributed, positive and integrable random variables. Denote µ = EX1 > 0.
Then (∏n

k=1 Sk

n!

) 1
n

→ µ a.s.

Proof. In view of the classical SLLN (cf. Example 3.6.1) we have the con-
vergence log(Sk/k) → log µ a.s. The desired result follows now directly from
Lemma 7.2.2 with win = 1/n in view of the identity

(∏n
k=1 Sk

n!

) 1
n

= exp

(
1

n

n∑

k=1

log(Sk/k)

)
.

⊓⊔

7.2.1 Extension to Classical U-statistics

Let us consider a simple extension of Theorem 7.2.1 to the case of non-
degenerate U -statistics with fixed kernel function. Hence, in our present nota-
tion

U (m)
n = Un =

(
n

m

)−1 ∑

1≤i1<...<im≤n

h(Xi1 , . . . , Xim) (7.7)

where now we assume that h is some fixed symmetric real function of m
arguments and the Xi’s are independent and identically distributed random
variables. Define

Ûn =
m

n

n∑

i=1

(h1(Xi) − Eh) + E h.

Note that by virtue of the representation (1.16) we may write

Un = Ûn + R(m)
n (7.8)
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where

R(m)
n =

(
n

m

)−1 ∑

1≤i1<...<im≤n

H(Xi1 , . . . , Xim),

and

H(x1, . . . , xm) = h(x1, . . . , xm) −
m∑

i=1

(h1(xi) − E h) − E h.

Hence the random variable R
(m)
n is a U -statistic with the degree of degeneracy

one and satisfying
Cov(Ûn, R(m)

n ) = 0

as well as, in view of (2.14),

n V ar R(m)
n → 0 as n → ∞. (7.9)

The result of Theorem 7.2.1 can be extended to U -statistics as follows.

Theorem 7.2.3. Let Un be a statistic given by (7.7). Assume E h2 < ∞
and P (h(X1, . . . , Xm) > 0) = 1, as well as σ2 = V ar(h1(X1)) �= 0. Denote
µ = E h > 0 and γ = σ/µ > 0, the coefficient of variation. Then

(
n∏

k=m

Uk

µ

) 1
mγ

√

n

d→ e
√

2N ,

where N is a standard normal rv.

In order to prove the theorem we shall first consider a more general version
of (7.3).

Lemma 7.2.3. Under the assumptions of Theorem 7.2.3

1

m γ
√

2n

n∑

k=m

(
Uk

µ
− 1

)
d→ N .

Proof. Using the decomposition (7.8) we have

1

m γ
√

2n

n∑

k=m

(
Uk

µ
− 1

)
=

1

m γ
√

2n

n∑

k=m

(
Ûk

µ
− 1

)
+

1

m σ
√

2n

n∑

k=m

Rk.

By Lemma 7.2.1, applied to the random variables m h1(Xi) for i = 1, 2, . . .
we have

1

m γ
√

2n

n∑

k=m

(
Ûk

µ
− 1

)

=
1

γ
√

2n

n∑

k=1

(∑k
i=1 h1(Xi)

µk
− 1

)
−

m−1∑

k=1

(∑k
i=1 h1(Xi)

µk
− 1

)
d→ N
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since the second expression converges to zero a.s. as n → ∞. Therefore, in
order to prove the lemma it suffices to show

R̃n =
1

m σ
√

2n

n∑

k=m

Rk
P→ 0 as n → ∞.

To argue the above, it is, in turn, enough to argue that

E R̃2
n → 0 as n → ∞.

To this end let us note that, similarly as in (6.26) due to symmetries involved,
we have

Cov (Rl, Rk) = V ar Rk for l < k,

and thus

E R̃2
n = V ar R̃n =

1

m2 σ2 2n
V ar

(
n∑

k=m

Rk

)

=
1

m2 σ2 2n

⎧
⎨

⎩

n∑

k=m

V ar Rk + 2
∑

m≤l<k≤n

Cov (Rk, Rl)

⎫
⎬

⎭

=
1

m2 σ2 2n

⎧
⎨

⎩

n∑

k=m

V ar Rk + 2
∑

m≤l<k≤n

V ar Rk

⎫
⎬

⎭

=
1

m2 σ2 2n

{
n∑

k=m

(1 + 2k − 2m)V ar Rk

}
→ 0

as n → ∞, in view of (7.9) and the Toeplitz’s lemma (Lemma 7.2.2) with
wni = 1/n. ⊓⊔

With the Lemma 7.2.3 established, the proof of Theorem 7.2.3 follows
easily.

Proof of Theorem 7.2.3. In view of the fact that if E |h| < ∞ then
(

n
m

)−1
Un →

Eh = µ a.s. (see, Lemma 3.6.1) and Lemma 7.2.3 above, the argument used
in the proof of Theorem 7.2.1 can be virtually repeated with Sk/k replaced

now by
(

k
m

)−1
Uk and γ by mγ. ⊓⊔

Remark 7.2.1. Let us note that in view of the strong law of large numbers
for U -statistics we may extend the result of Theorem 7.2.2 on the strong
convergence of products of partial sums to the products of U -statistics as
follows (

n∏

k=m

Uk

) 1
n

→ µ a.s.

if E |h| < ∞.
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7.3 Products of Independent Partial Sums

Having established the limiting result for the products of partial sums of
a sequence of random variables, we shall now consider a case when partial
sums Sk are mutually independent and have square integrable components.
This setup, in spite of being interesting on its own, pertains also to a limit
theorem for random determinants of Wishart matrices. The main result is
provided in Theorem 7.3.1 and is seen to parallel to large extend, the result
of Theorem 7.2.1 discussed earlier. Also its extensions to independent and
non-identically distributed case as well as to the case of non-degenerate U -
statistics will be discussed. Finally, in the last section after a brief review of
some basic facts on Wishart matrices, we explain how the limit theorems for
products of increasing sums can be used for studying limiting properties of
Wishart determinants.

Our main result of this section is the following analogue of Theorem 7.2.1.

Theorem 7.3.1. Let (Xk,i)i=1,...,k; k = 1, 2, . . . be a triangular array of inde-
pendent and identically distributed positive square integrable random variables
with finite absolute moment of order p > 2. Denote µ = E(X1) > 0, γ = σ/µ,
where σ2 = V ar(X1), and Sk = Xk,1 + . . . + Xk,k, k = 1, 2, . . .. Then as
n → ∞ (

n
γ
2

2

∏n
k=1 Sk

n!µn

) 1

γ

√
log(n) d→ eN ,

where N is a standard normal rv.

Before proving the above result we will establish a version of the classi-
cal central limit theorem, essentially, for scaled independent and identically
distributed random variables, analogously as it was done in the scenario dis-
cussed earlier. To this end we will use the CLT for triangular arrays, so again
the basic step in the proof will relay on verifying the Lindeberg condition.
First we recall an elementary fact about the moments of sums of independent
and identically distributed variables (e.g., Lee 1990, p. 22). In the sequel, for
notational convenience, we set Ck = Sk/(µk).

Lemma 7.3.1 (Burkholder’s Inequality). Let p ≥ 2. Under the assump-
tions of Theorem 7.3.1 there exists a universal constant Dp (i.e., depending
on p but not on k) such that for k ≥ 1

E |(Ck − 1)|p ≤ Dp

kp/2
.

Next we introduce the following result which may be seen as an analogue
of Lemma 7.2.1.
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Lemma 7.3.2. Under the assumptions of Theorem 7.3.1, as n → ∞

1

γ
√

log(n)

n∑

k=1

(Ck − 1)
d→ N .

Proof. Since

V ar

(
n∑

k=1

(
Sk

µk
− 1

))
= γ2

n∑

k=1

1

k
→ ∞ as n → ∞

and by Lemma 7.3.1 also

lim sup
n

n∑

k=1

E

∣∣∣∣
Sk

µk
− 1

∣∣∣∣
p

≤ Dp

∞∑

k=1

1

kp/2
< ∞.

Thus (∑n
k=1 E

∣∣∣Sk

µk − 1
∣∣∣
p)2/p

V ar
(∑n

k=1

(
Sk

µk − 1
)) → 0 as n → ∞

so the Lyapounov and hence the Lindeberg condition is satisfied. ⊓⊔
Somewhat unexpectedly, the limiting result in this case of independent

sums requires a much more subtle treatment of the elements of the expan-
sion of the logarithmic function. First, it is expanded until the terms of order
three, not two as in the proof of Theorem 7.2.1. Second, the second term of
the expansion does not converge in probability to zero, also it is not immedi-
ate to see that the third term converges to zero. These issues are treated in
the auxiliary result below. In particular, the first result giving a kind of weak
law of large numbers for squares of standardized sums seems to be of inde-
pendent interest. In both cases in the proofs a delicate truncation technique
is employed.

Lemma 7.3.3. Under the assumptions of Theorem 7.3.1, as n → ∞

(i) 1√
log(n)

∑n
k=1

[
(Ck − 1)2 − γ2

k

]
P→ 0

(ii) 1√
log(n)

∑n

k=1 |Ck − 1|3 P→ 0.

Proof. For the proof of (i) denote Zk = k(Ck−1)2−γ2 and note that EZk = 0
and by our assumptions and Lemma 7.3.1 there exists 0 < α < 1 such that
supk E|Zk|1+α < ∞. Let an be any numeric sequence such that an → ∞ but
a1−α

n / log(n) → 0 (e.g., an = log(n) will do). Define Z ′
k = Zk I(|Zk|/k ≤ an)

and note that for some universal constant Dα

P

(
n∑

k=1

Zk/k �=
n∑

k=1

Z ′
k/k

)
≤

n∑

k=1

P (|Zk| > k an)

≤ Dα/a1+α
n → 0 as n → ∞.

(7.10)
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We now show that for the weighted sum of Z ′
k’s the weak law of large numbers

holds. Indeed, for any ε > 0

P

(∣∣∣∣∣

n∑

k=1

(Z ′
k/k − EZ ′

k/k)

∣∣∣∣∣ > ε
√

log(n)

)
≤ 1

ε2 log(n)

n∑

k=1

E(Z ′
k/k − EZ ′

k/k)2

≤ 1

ε2 log(n)

n∑

k=1

E|Z ′
k/k|2 ≤ a1−α

n

ε2 log(n)

n∑

k=1

E|Zk/k|1+α → 0 as n → ∞.

(7.11)

Finally, note that since EZk = 0 then
∣∣∣∣∣

n∑

k=1

EZ ′
k/k

∣∣∣∣∣ =
∣∣∣∣∣

n∑

k=1

1

k
EZk I(|Zk/k| > an)

∣∣∣∣∣

≤ 1

aα
n

n∑

k=1

E|Zk/k|1+α → 0 as n → ∞.

(7.12)

The relations (7.10)–(7.12) imply (i).
In order to show the second assertion we proceed similary denoting this

time Wk = k(Ck − 1) and W ′
k = Wk I(|Wk| ≤ bn) where bn is any numeric

sequence satisfying bn → ∞ but b
2 (2−α)
n / log(n) → 0. Note that as before,

supk E|Wk|1+α < ∞. In this notation, the relation (ii) follows when we replace
Wk’s with W ′

k’s in view of the Markov inequality and the fact that

1√
log(n)

n∑

k=1

E|W ′
k/k|3 ≤ b2−α

n√
log(n)

n∑

k=1

E|Wk/k|1+α → 0 as n → ∞.

The fact that this also implies (ii) for the Wk’s is immediate since

P

(
n∑

k=1

Wk/k �=
n∑

k=1

W ′
k/k

)
≤

n∑

k=1

P (|Wk| > k bn) (7.13)

≤
n∑

k=1

E|Wk/(k bn)|1+α ≤ Dα/b1+α
n → 0 as n → ∞. (7.14)

⊓⊔

Finally, we are in position to prove the main result of this section.

Proof of Theorem 7.3.1. We first note that Ck = Sk/(µk) converges almost
surely to one. Indeed, for any δ > 0 we have

P (sup
k≥r

|Ck−1| > δ) ≤
∞∑

k=r

P (|Ck−1| > δ) ≤ 1

δ

∞∑

k=r

E|Ck−1|p → 0 as r → ∞.
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Consequently, there exist two sequences (δm) ↓ 0 (δ1 = 1/2) and (Rm) ↑ ∞
such that

P ( sup
k≥Rm

|Ck − 1| > δm) < δm.

Take now any real x and any m. Then

P

(
1

γ
√

log(n)

n∑

k=1

(
log(Ck) +

γ2

2k

)
≤ x

)

= P

(
1

γ
√

log(n)

n∑

k=1

(
log(Ck) +

γ2

2k

)
≤ x , sup

k>Rm

|Ck − 1| > δm

)

+ P

(
1

γ
√

log(n)

n∑

k=1

(
log(Ck) +

γ2

2k

)
≤ x , sup

k>Rm

|Ck − 1| ≤ δm

)

= Am,n + Bm,n

and Am,n < δm.

To compute Bm,n we will expand the logarithm: log(1 + x) = x − x2

2 +
x3

3(1+θx)3 , where θ ∈ (0, 1) depends on x ∈ (−1, 1). Thus,

Bm,n

= P

(
1

γ
√

log(n)

Rm∑

k=1

(
log(Ck) +

γ2

2k

)

+
1

γ
√

log(n)

n∑

k=Rm+1

(
log(1 + (Ck − 1)) +

γ2

2k

)
≤ x, sup

k>Rm

|Ck − 1| ≤ δm

)

= P

(
1

γ
√

log(n)

Rm∑

k=1

(
log(Ck) +

γ2

2k

)
+

1

γ
√

log(n)

n∑

k=Rm+1

(Ck − 1)

− 1

2γ
√

log(n)

n∑

k=Rm+1

[
(Ck − 1)2 − γ2

k

]

+
1

3γ
√

log(n)

n∑

k=Rm+1

(Ck − 1)3

(1 + θk(Ck − 1))3
≤ x , sup

k>Rm

|Ck − 1| ≤ δm

)

= P

(
1

γ
√

log(n)

Rm∑

k=1

(
log(Ck) +

γ2

2k

)
+

1

γ
√

log(n)

n∑

k=Rm+1

(Ck − 1)

− 1

2γ
√

log(n)

n∑

k=Rm+1

[
(Ck − 1)2 − γ2

k

]

+
1

3γ
√

log(n)

[
n∑

k=Rm+1

(Ck − 1)3

(1 + θk(Ck − 1))3

]
I

(
sup

k>Rm

|Ck − 1| ≤ δm

)
≤ x

)
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− P

(
1

γ
√

log(n)

Rm∑

k=1

(
log(Ck) +

γ2

2k

)
+

1

γ
√

log(n)

n∑

k=Rm+1

(Ck − 1)+

− 1

2γ
√

log(n)

n∑

k=Rm+1

[
(Ck − 1)2 − γ2

k

]
≤ x, sup

k>Rm

|Ck − 1| > δm

)

= Dm,n + Fm,n.

where θk, k = 1, . . . , n are (0, 1)-valued random variables and Fm,n < δm.
Rewrite now Dm,n as

Dm,n = P

(
1

γ
√

log(n)

Rm∑

k=1

(
log(Ck) − Ck + 1 +

(Ck − 1)2

2
− γ2

2k

)

+
1

γ
√

log(n)

n∑

k=1

(Ck − 1) − 1

2γ
√

log(n)

n∑

k=1

[
(Ck − 1)2 − γ2

k

]

+
1

3γ
√

log(n)

[
n∑

k=Rm+1

(Ck − 1)3

(1 + θk(Ck − 1))3

]

× I

(
sup

k>Rm

|Ck − 1| < δm

)
≤ x

)
.

Observe that for any fixed m

1

γ
√

2n

Rm∑

k=1

(
log(Ck) − Ck + 1 +

(Ck − 1)2

2
− γ2

2k

)
P→ 0 as n → ∞ (7.15)

(as a matter of fact, this sequence converges to zero a.s.).
Invoking Lemma 7.3.3(i) we see

P

(
1

2γ
√

log(n)

n∑

k=1

[
(Ck − 1)2 − γ2

k

]
> ε

)
→ 0.

Note that for |x| < 1/2 and any θ ∈ (0, 1) it follows that |x|3/|1+θx|3 ≤ 8|x|3.
Thus for any m

1/3

γ
√

log(n)

[
n∑

k=Rm+1

|Ck − 1|3
|1 + θk(Ck − 1)|3

]
I

(
sup

k>Rm

|Ck − 1| < δm

)

≤ 8/3

γ
√

log(n)

n∑

k=1

|Ck − 1|3 P→ 0, (7.16)

as n → ∞ by Lemma 7.3.3(ii).
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Since, on the other hand, by Lemma 7.3.1 it follows that

1

γ
√

log(n)

n∑

k=1

(Ck − 1)
d
→ N

as n → ∞ then by (7.15) and (7.16) we conclude that for any fixed m

Dm,n → Φ(x),

where Φ is the standard normal distribution function.
Finally, observe that

P

(
log

(
n

γ
2

2

∏n

k=1 Sk

n!µn

) 1

γ

√

log(n)

≤ x

)

= P

(
1

γ
√

log(n)

(
n∑

k=1

log(Ck) +
γ2

2
log(n)

)
≤ x

)

= Am,n + Dm,n + Fm,n

which implies the assertion of Theorem 7.3.1, since Am,n + Fm,n < 2δm → 0
as m → ∞, uniformly in n and

log(n) −
∑n

k=1
1
k√

log(n)
→ 0 as n → ∞. ⊓⊔

Similarly as in the case of sequences, it is perhaps worth to notice at this
point that the law of large numbers for our present case is again particularly
simple. Indeed, as soon as we have Sk/k → µ a.s. (in particular, under the
assumptions of Theorem 7.3.1) then by the property of the geometric mean
(cf. Theorem 7.2.2) it follows directly that as n → ∞

(∏n

k=1 Sk

n!

) 1
n

→ µ a.s. (7.17)

Let us state it for the record as

Theorem 7.3.2. Let (Xk,i)i=1,...,k, k = 1, 2, . . . be a triangular array of inde-

pendent and identically distributed, positive and integrable random variables.

Denote µ = EX1,1 > 0. Then (7.17) holds. ⊓⊔

7.3.1 Extensions

The following extension of Theorem 7.3.1 covering the non-all-independent
and identically distributed setting is rather straightforward.
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Theorem 7.3.3. Let (Xk,i)i=1,...,k; k = 1, 2, . . . be a triangular array of inde-
pendent and row-wise identically distributed, positive random variables with
finite absolute moment of order p > 2. Denote, as before, Sk = Xk,1 + . . .
+ Xk,k, with µk = E(Xk,1) > 0, σ2

k = V ar(Xk,1), and γk = σk/µk. Let
c2
n =

∑n
k=1 γ2

k/k. If

(i) cn → ∞ as n → ∞
(ii)

∑∞
k=1 E

∣∣∣Sk−kµk

kµk

∣∣∣
p

< ∞,

then as n → ∞ (
e

c2n
2

∏n
k=1 Sk/µk

n!

) 1
cn d→ eN ,

where N is a standard normal rv.

The extension of the result of Theorem 7.3.1 to U -statistics may be done
similarly as in Section 7.2.1. Following that section notation we thus have

Theorem 7.3.4. Let (Xk,i)i=1,...,k; k = m, m + 1, . . . be a triangular array of
independent and identically distributed random variables. Let Uk be a statistic
given by (7.7) based on Xk,1, . . . , Xk,k. Assume E |h|p < ∞ for some p > 2
and P (h(X1, . . . , Xm) > 0) = 1, as well as σ2 = m2 V ar(h1(X1)) �= 0. Denote
µ = E h > 0 and let γ = σ/µ > 0 be the coefficient of variation. Then, as
n → ∞ (

n
γ
2

2

∏n
k=1 Uk

µn

) 1

γ

√
log(n) d

→ eN ,

where N is a standard normal rv.

Proof. Set now Ck = Uk/µ and let γ be defined as above. Retaining the
notation of the previous section with these modifications we find that the
result of Lemma 7.3.1 still holds true (cf. e.g., Lee 1990, p. 21). Regarding
the extension of the conclusion of Lemma 7.3.2 set zn = γ(log(n))−1/2 and
note that by (7.8)

zn

n∑

k=m

(Ck −1) = zn

n∑

k=m

(
Ûk

µ
− 1 +

Rn

µ

)
= zn

n∑

k=m

(
Ûk

µ
− 1

)
+ zn

n∑

k=m

Rn

µ
.

The first sum in the latest expression above is asymptotically standard normal
in view of the result of Lemma 7.3.2 of Section 2 and the second one vanishes
asymptotically in probability since by (7.9)

z2
n V ar

(
n∑

k=1

Rn

µ

)
= z2

n

n∑

k=1

(
V arRn

µ2

)
→ 0 as n → ∞.

Hence, the result of Lemma 7.3.2 remains valid for U -statistics and a similar
argument can be invoked to argue that the results of Lemma 7.3.3 are true for
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U -statistics as well. Finally, in view of the SLLN for U -statistics (see, Lemma
3.6.1) which implies that under our assumptions Ck → 1 as k → ∞, we may
virtually repeat the expansion argument used in the proof of Theorem 7.3.1
to obtain the required assertion. ⊓⊔

7.4 Asymptotics for Wishart Determinants

In this section we are concerned with random matrices of the form
∑

YiY
T
i ,

where Yi’s are independent identically distributed Gaussian (column) vectors.
Such matrices, called Wishart matrices Wn(n, Σn), n = 1, 2, . . ., are of special
importance in multivariate statistical analysis (in particular, the distribution
of the sample covariance matrix for observations from multivariate normal
distribution is Wishart) and were widely investigated since their introduction
in late twenties of the last century. More recently asymptotic properties of
Wishart matrices has been studied. The investigations in this direction led to
the discovery of the famous Marchenko-Pastur law as a weak limit for empir-
ical measures for eigenvalues of Wishart matrices of increasing dimensions.
Also, a related issue of limiting behaviour of determinants of such matrices
was investigated in the literature. The methods which were used to derive the
limiting laws were rather involved and the derivations extremely complicated.
However, the determinant of the Wishart matrix is a product of indepen-
dent increasing sums. Therefore it fits well the topic of the present chapter.
Consequently, the derivation of the limiting law for the Wishart determinants
which is offered herein is a simple consequence of the asymptotic result for
the product of independent sums as given in Theorem 7.3.1.

First, some basic facts about the classical Wishart distribution will be
recalled.

Definition 7.4.1 (Wishart distribution). Let Y1, . . . , Yn be independent
and identically distributed d-dimensional Gaussian zero-mean random vectors
with a positive definite covariance matrix Σ. The d × d dimensional random
matrix A =

∑n
i=1 YiY

T
i is said to have the classical Wishart distribution

Wd(n, Σ).

If n ≥ d then the distribution of A is concentrated on the open cone of d× d
positive definite symmetric matrices V+

d and its density with respect to the
appropriate Lebesgue measure is

f(x) =
det(x)

n−d−1
2 exp[− 1

2 (σ−1, x)]

2
nd
2 det(Σ)

n
2 Γd

(
n
2

) IV+
d

(x).

If n < d then the Wishart measure is singular with respect to the Lebesgue
measure and is concentrated on the boundary of the cone V+

d .
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Let A ∼ Wd(n, Σ) be decomposed into blocks according to the dimensions
p and q, p + q = d

A =

(
A1 A12

A21 A2

)
,

such that A1 is a p × p, A12 = AT
21 is a p × q and A2 is a q × q matrix.

Similarly we can decompose

Σ =

(
Σ1 Σ12

Σ21 Σ2

)
.

It is well known that:

1. A1 ∼ Wp(n, Σ1);
2. A2·1 = A2−A21A

−1
1 A12 ∼ Wq(n−p, Σ2·1) with Σ2·1 = Σ2−Σ21Σ

−1
1 Σ12;

3. the pair (A1,A12) and A2·1 are independent;
4. det(A) = det(A1) det(A2·1).

Now we decompose A = [aij ] step by step. First A = A(1...d) into blocks:
A(1...d−1) of dimensions (d − 1) × (d − 1) and Ad = add of dimensions 1 × 1,
then A(1...d−1) into blocks A(1...d−2) of dimensions (d − 2) × (d − 2) and
Ad−1 = ad−1,d−1 of dimensions 1× 1, ending up with A(12) decomposed into
A1 = a11 and A2 = a22 both of dimensions 1 × 1. By properties (1-4) above
we have the following multiplicative representation for the determinant of A

det(A) = Ad·(1...d−1)Ad−1·(1...d−2) · . . . · A2·1)A1,

where the factors are independent gamma variables:

Yn+1−k = Ak·1...k−1 ∼ G

(
n + 1 − k

2
,

1

2Σk·(1...k−1)

)
, k = 1, . . . , d

understanding that Y1 = A1. Here the gamma distribution G(a, p) is defined
through its density of the form f(x) ∝ xp−1e−axI(0,∞)(x) for a, p > 0. Thus
for a triangular array of independent and identically distributed chi-square
variables with one degree of freedom Xkj , j = 1, . . . , k, k = 1, 2, . . . , d, we
have

Yk
d
= ckn

k∑

l=1

Xkl,

where ckn = Σn+1−k·(1...n−k), k = n − d + 1, . . . , n.
Taking all what was said above into account and using Theorem 7.3.1

we can obtain the following asymptotic result for determinants of Wishart
matrices.

Theorem 7.4.1. Let An ∼ Wn(n, Σn), n = 1, 2, . . .. Then

(
det(An)

det(Σn)(n − 1)!

) 1√
2 log(n) d

→ eN . (7.18)
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Proof. Note that putting d = n in the considerations prior to the formulation
of Theorem 7.4.1, we have

det(An)∏n
k=1 ckn

d
=

n∏

k=1

(
n∑

l=1

Xkl

)
,

where (Xkl) are independent and identically distributed χ2(1) random vari-
ables. Thus in the notation of Theorem 7.3.1 we have µ = 1 and γ2 = 2.
Moreover

∏n
k=1 ckn = det(Σn). Now the result follows directly from

Theorem 7.3.1. ⊓⊔

7.5 Bibliographic Details

The asymptotic behavior of a product of partial sums of a sequence of indepen-
dent and identically distributed, positive random variables has been discussed
in several relatively recent papers (see, e.g., Qi (2003) for a brief review). In
particular, the results in Theorems 7.2.1 are from Rempa�la and Weso�lowski
(2002a) and Rempa�la and Weso�lowski (2005b). Further results extending the
ones discussed in this chapter to the case when the underling distribution is
in the domain of attraction of a stable law with index from the interval [1,2]
are obtained in Qi (2003) and Lu and Qi (2004). Another extension of these
results is given in Gonchigdanzan (2005) by means of the so-called ‘almost
sure’ versions of the limiting results of Theorems 7.2.1 and 7.2.3.

The standard references on multivariate analysis and in particular on
Wishart distributions are Anderson (1984) or Muirhead (1982). The theory
of random determinants, including limit theorems covering also non-Wishart
case are reviewed for instance in Girko (1997, 1990) and Dembo (1989).
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asymptotics for, 127
variance of, 126
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products of, 155
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assignment problem, 2
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caldlag functions, 69
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complex systems, 1
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minimum variance, 125, 131, 134
partially balanced incomplete block,

133
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Donsker theorem, 71, 73, 75
Doob inequality, 19
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Example 5.3.4, 113, 116, 117
Example 5.3.5, 114
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